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Abstract 

This paper studies two topics concerning on the orthogonal complement W 
of Fh with respect to a quadratic form (/9 on a vector space V over a number 
field F for a given element h oiV. One is to determine the invariants for the 
isomorphism class of W in the sense of Shimura |3] . The other is to investigate 
a certain integral ideal [M/L n W] of F determined by a maximal lattice L 
in V and a maximal lattice M in W. This may be viewed as a difference 
between the genus of M and LOW. We shall also discuss about the class 
number of the genus of maximal lattices in W when LCiW is maximal. 



Introduction 

Let V he a. vector space of dimension ?t,(> 1) over an algebraic number field F and 
a nondegenerate symmetric F-bilinear form on V. For an element h of V such 
that ip{h, h) 7^ 0, we consider a subspace 

W = (Fh)^ = {xeV\ ip{x, h) = 0} 

of dimension n — 1 and the restriction ip of (f to W. 

One of purposes in this paper is to study the invariants of the quadratic space 
(W, if) introduced in Shimura [3], that is, a set of data which consists of the di- 
mension of W , the discriminant field of if), the characteristic quaternion algebra of 
ip, and the index of if) at each real archimedean prime of F; see text §1.1. It is 
known by [3l Theorem 4.2] that these invariants determine the isomorphism class of 
(PF, f)). We shall give the invariants of W in terms of the invariants of V and the 
value ip[K\ = ip{h, h) in Theorem 11.11 
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To explain another purpose, let L be a g-maximal lattice in V with respect to 
(fi, where g is the ring of all algebraic integers in F; take h & V and put W = (Fh)-^ 
as above. Then L CiW is an integral g-lattice in W with respect to tp, which is our 
main object in this paper. For the background, the reader is referred to the textbook 
[2l Section 11]. For a g-maximal lattice M in W with respect to ip, we consider a 
g-ideal [M/L fl W] of F generated over g by det(a) of all F-linear automorphisms 
a of W such that Ma G L Ci W. This is independent of the choice of M and it can 
be seen that [M/L dW] C g and 

[{L n wy/L nw] = [M/L n Wf[M/M]. 

Following [3, §6.1], we call [M/M] the discriminant ideal of {W, tp), where M = 
{x E W \ 2'ip{x,M) C g}. This is also independent of the choice of M and by [3l 
Theorem 6.2] it can be given in terms of the invariants (see also §2.1 below). Now 
put q = (p[h] 7^ 0. Then our purpose is to show in Theorem 14.21 that 

[M/L r]W] = b{q){2ip{h, L)y^ (0.1) 

with a g-ideal b{q) determined by 2q[L/L] = b(g)^[M/M]. We note that b(g) does 
not depend on the choice of L and h. Theorem 14.21 follows from the local version 
of (10. ip , Theorem 12.31 From (10. ip we know that L fl is g- maximal in W if and 
only if q{2(p{h, L))~'^ = [M/M]{2[L/L])^^. This describes the another criterion [5l 
Theorem 6.3] due to Yoshinaga in terms of the discriminant ideals of ip and ip. 

As an application, we shall discuss how the class number of the genus of all 
maximal lattices in a quadratic space can be determined. In Proposition 14. 4[ we 
treat even dimensional quadratic spaces (V, ip) whose discriminant field is the base 
field F, and give such a class number on the orthogonal complement (Fh)^ with an 
element h ofV hy means of the formula [2], Theorem 11.6] due to Shimura. As for the 
case where the discriminant field is not the base field, we consider a 6-dimensional 
space over the field Q of rational numbers with ip defined as the sum of six squares 
in the last section. 

Notation 

If R is an associative ring with identity element and if M is an i?-module, then we 
write for the group of all invertible elements of R and the i?-module of 
m X n-matrices with entries in M. We set R^^ = {a^ | a G R^}. For a finite set 
X, we denote by the number of elements in X. If a set X is a disjoint union of 
its subsets Yi, ■ ■ ■ , Ym, then we write X = U™ ^y^. We also write diag[ai, • ■ ■ , a^] 
for the matrix with square matrices ai, • • ■ , in the diagonal blocks and in all 
other blocks. We set [a] = Max{n G Z | n < a} and 6ij = 1 or according as i = j 
or i ^ j. Here Z is the ring of rational integers. 
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Let y be a vector space over a field F of characteristic 0, and GLiV) the group 
of all F-linear automorphisms of V . We let GL(y) act on V on the right. 

Let F be an algebraic number field and q the ring of all algebraic integers in F . 
We denote hy Dp the discriminant of F. For a fractional ideal of F we often call it a 
0-ideal. Let a, h, and r be the sets of archimedean primes, nonarchimedean primes, 
and real archimedean primes of F, respectively. We denote by F„ the completion 
of F at V e a U h and by F^ the adclc ring of F. We often identify v with the 
prime ideal of F corresponding to f G h, and write .Xy for the image of x by the 
conjugate map of F into the field R of real numbers over Q at v e r. For f G h, 
we denote by 5^, p^, and tt^ the maximal order of F^, the prime ideal in F^, and a 
prime element of F„, respectively. We write ordp(a) = ord„(a) — m \l aQ — p'^ for 

^ a & F, where p is the prime ideal of F corresponding to v. If is a quadratic 
extension of F, we denote by Dx/f the relative discriminant of K over F, and put 
Ky — K Fy for V E h. Moreover, for 6 G F^ we set 

[1 if6eF„x^ 
Cv{b) — i —1 if Fy(y/b) is an unramified quadratic extension of F^, 
lo ifF,(v^) is a ramified quadratic extension of F^. 

By a 0-lattice L in a vector space V over a number field or nonarchimedean local 
field F, we mean a finitely generated g-submodule in V containing a basis of V. For 
two subspaces X and y of we denote hy X ®Y the direct sum of X and Y if 
ip{x, y) = for every x E X and y E Y; then we also denote by (f\x © fir the 
restriction oi ip to X (BY. 

1 Invariants of orthogonal complement 

1.1 Quadratic space and invariants 

Let F be an algebraic number field. Let {V, ip) be a quadratic space over F, that is, 
y is a vector space of dimension n over F and <^ is a symmetric F-bilinear form on 
V . In this paper, we consider only a nondegenerate form </?. We put ip[x\ = ip{x, x) 
for X e V. We define the orthogonal group and the special orthogonal group of (p 

by 

0^{V) = = {7 G GLiV) I vp(x7, 1/7) = vi^, v)}, 
SG^{V) = SO^ = {ie 0^{V) I det(7) = 1}. 

We denote by A{ip) = A{V) the Chfford algebra of ip and by A+{ip) = A+{V) the 
even Clifford algebra of </?. 
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By the invariants of {V, (f), we understand a set of data 



(n, F{V6), Q{^), {sM} 



where n is the dimension of V, F{-\f5) is the discriminant field of with 5 = 
(— l)"'*^"""'^^/^ det Q{'p) is the characteristic quaternion algebra of 9?, and Sv{'f) is 
the index of at f G r. For these definitions, the reader is referred to jS] §1.1, §3.1, 
and §4.1] (see also below). By virtue of jSj Theorem 4.2], the isomorphism class of 
(V, (p) is determined by (ra, F(a/5), Q{(p), {sy{ip)}y(ir). By the definition of Qi^^), 

A{'p) = MsiQi^p)) if < n G 2Z, 
A+{ip) = M,{Q{ip)) if 1 < n ^ 2Z 

as a central simple algebra over F with < s G Z. We set Q{(p) = M2{F) if 
n = 1. For f G r, (y9 can be represented by a matrix of the form diag[lj^, —Ij^] with 
iv+jv = n, where Im is the identity matrix of size m; then we define the index s^^ip) 
of ip by Sy{(p) = iv-jv 

For f G a U h, we put = V F^ and denote by (p^ the F^-bilinear extension 
of (p to K; we then put {V, (p)^ = (K, ip^). We also set S'O'^(V^)^ = {7 e G'L(K) I 
V?i,(x7, 2/7) = 93„(a;, y)}. The characteristic algebra Q(v5?)) is also defined for 93^ at 
f G a U h and it coincides with Q{(p) ®f F^ (cf. [3j, §3.1]). By [3l Lemma 3.3] the 
isomorphism class of (V, (p)^ is determined by (n, F„(\/5), Qlv'i;)) if f G h. As for 
f G a, it is determined by {n, s„ ((/?)) if f G r, and by the dimension n if f r. If 
V E r, then Q{(Pv) is given by 

^ fM2(R) if s,(y.) ^ ±1, 0, 2 (mod 8), 
^'^"^ \h if s^((^) = ±3, 4, 6 (mods), ^'^ 

where H is the division ring of Hamilton quaternions; see [31 (4.2a) and (4.2b)], for 
example. If f ^ r, then Q{'p>v) = ^2(0), where C is the field of complex numbers. 
By the theory of simple algebra, Q{ip) is determined by the local algebra Q{ipv) for 
every prime v of F; namely, for a quaternion algebra B over F, Q{'p) = B ii and 
only if Q{ipv) — B F^ for every t> G a U h. It can be seen that Qifv) coincides 
with the characteristic algebra of a core subspace (see below) of (V, (p)v for v Eh. 



For h E V such that ip[h] 0, we put 

W = (Fh)^ = {xeV\ ip{x, h) = 0}. (1.2) 

Then V = W(BFh. Since (p[x] G F^'^ip[h] if x G Fh, we often denote one- dimensional 
{Fh, ip) by (F, q) with q = ip[h], and (V, y?) by (V, cp) = {W, ^) © (F, g) with the 
restriction oi ip to W . It should be noted that the invariants of (PV, ip) are in- 
dependent of the choice of such an element h of V . To show this fact, let be 
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another element of V so that <f[ho] = q. Then there exists 7 G SO'^iV) such that 
^7 = ^0 by virtue of [21 Lemma 1.5(ii)]. Thus {W, ip) is isomorphic to {Wq, ipo) 
under 7, and the invariants is the same as those of {Wq, iIjq) with Wq = (F/io)"*" and 
the restriction ipo of ip to Wq. For a given g G -F^ H V^f^], the isomorphism class of 
{W, ip) is determined by the isomorphism class of (V, (p) and g G /F^"^. 

For f G a U h, (V^, ip^) has a Witt decomposition over F^ as follows (cf. [21 
Lemma 1.3]); there exist 2r„ elements Cj and fi {i = 1, ■ ■ ■ , r^) such that 

V, = Z,®Y,i^vei + FJ,), (1.3) 

i=l 

2'„ = {2; G K I V5t;(2;, Ci) = v?i,(2;, /j) = for every i}, 
ipy{ei, Cj) = (Pvifi, fj) = 0, 2(p^{ei, fj) = 6ij. 

Here (pv is anisotropic on Z^. It is known that the dimension t„ of is uniquely 
determined by ip and v, and that < t^, < 4 for every f G h (cf. [21 Theorem 
7.6(ii)]). We call Z^ a core subspace of (V, ip)^ and t^, the core dimension of (V, </?) 
at V. For convenience, we also call a subspace [/„ of anisotropic if ip^ is so on Uy. 

As was shown in p, §3.2] and also in the proof of [3l Lemma 3.3], the core 
dimension of (V, </?) at G h is determined as follows: 

(1) n G 2Z. 



r if F,{V6) = F, and Q{^,) = M^iF, 
tv = \ 4: if F^{^/5) = F^ and Q{^v) is a division algebra, (1.4) 
[2 ifF,(v^)^F„ 

where F{\/S) is the discriminant field of (p. 
(2) n^2Z. 

'1 ifQ(</.,) = M2(F,„ ^^^^ 
3 if Qi^Pv) is a division algebra. 



Here we introduce some symbols for lower- dimensional quadratic spaces, which 
will be used throughout the paper. Let F be an algebraic number field or a nonar- 
chimedean local field. For a quadratic extension field K of F, we put 2k,{x, y) = 
xy^ + x^y for x, y & K with a nontrivial automorphism p of K over F. Put also 
K,[x] = K,{x, x), which is the norm Nk/f{x) of x. For a quaternion algebra B over 
F, we put 2f3{x, y) = xy'' + yx"" for x, y & B with the main involution l of B. Then 
the reduced norm Nb/f{x) of x is written by f3[x] = (3{x, x). We denote by Db the 
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discriminant of B when F is a number field. Every quaternion algebra over F can 
be given by 

K + Ku, u'^ = c, xuj = ujx'' for every X G -fT (1.6) 

with a quadratic extension field of F and c E (cf. [21 §1.10]). We also denote 
it by {K, c}. Then {K, c} = M2{F) if and only if c G ^[i^'^]. In particular when F 
is a nonarchimedean local field, a division quaternion algebra over F is isomorphic 
to {K, c} for an arbitrarily fixed element c & F^ such that c ^ ^[i^^]. This is 
because there is a unique division quaternion algebra over F up to isomorphisms; 
see [21 Theorem 5.14], for example. We set 

B° = {xeB\x' = -x}, /3° = /3|bo. (1.7) 
1.2 Invariants of W 

Theorem 1.1. Let {V, ip) be a quadratic space over an algebraic number field F 
with invariants (n, F{VS), Qi^f), {sv{^)}v&r) andn > 1. For a given 7^ g G ^p[V], 
set (V, (f) = {W, ip) © (-F, q). Then the invariants of {W^ ip) are given by 

(n-1, F(v/(-l)"-i5g), Q(^), {sm}ver). 

The characteristic quaternion algebra Qiipv) ofip^ ai f G aU h and the index s^lip) 
of ip at V & r are determined as follows: Put B = Q{(p). 

(1) nG2Z. Put K = F{V5). 

(i) n = 2. ThenQ{ip) = M2iF). 

(ii) n > 2. Then Q{ipv) = M2{Fy) holds exactly in the following cases: 

^v{S) = 1 and V \ Db, 

^^{6) y^l,v\ Db, and q G k[K^], 

^^{5) ^l,v\ Db, and q ^ k[K^], 

f G r, g„ > 0, and Sv{(p) = 0, 2 (mod 8), 

f G r, g^, < 0, and Sy{(p) = 0, 6 (mod 8), 

f G a such that v ^ r. 

(2) n^2Z. Put K = F{y/5q). 
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(i) n = 3. Then Q{ipv) = M2{Fy) holds exactly in the following cases: 

= 1 and v \ Db, 
^^{6q) ^ l,v\ Db, and6eK[K^], 

V I Db and 6 ^ t^lK^], 

V e r,q^ > 0, and Sy{ip) = 1, 3 (mod 8), 
f G r, g^, < 0, and Sy{ip) = ±1 (mod 8), 

V E a. such that v ^ r. 

(ii) 77, > 3. Then Q{ipv) = M2{Fy) holds exactly in the following cases: 

^^((5g) = 1 and v \ Db, 

^^{Sq) ^l,v\ Db, and5EK[K^], 

^^{6q) j^l,v\ Db, and 6 ^ k[K^], 

V E r,qy > 0, and s^{ip) = 1, 3 (mod 8), 
f G r, g„ < 0, and Sv{(p) = ±1 (mod 8), 
f G a such that v ^ r. 

For V E r, 

'A^)-l'f\:] t'-^l- (1-8) 

[s^i^p) + 1 ifqv<0. 

The proof will be finished in §1.4. We determine only s^{tp) and Q{ip), since the 
other invariants can be seen immediately. We first consider Sjj{iIj) at f G r. 

By the definition of the index, we put Sv{(p) = i^ — if ip^j = Ij^ © —Ij^ with 
< iv, jv G Z. Since ip^ = 'ipv ® qv with g„ G R^, we have (II. 8p . From this we can 
determine Q{ip)v at f G r in the statement by (11. ip . which depends only on s„('?/'). 
As for the archimedean prime v ^ r, we have Q{ipv) = M2(C). 

To determine Q{ip), we recall that Q{ip) is determined by Qiipv) for every 
V E a U h. Since the case where v is archimedean is given in above, we con- 
sider only the nonarchimedean case. Hereafter until the end of Section 1, we fix a 
nonarchimedean prime v and drop the subscript v of local symbols below; let F be 
a nonarchimedean local field, g its maximal order, and p the prime ideal in F. 

Let {V, (p) be a quadratic space with invariants (ra, F{\/6), B), and put W = 
(Fh)^ with h E V so that (p[h] = q E F^ . We first recall that if k is an element 
of V such that (p[k] = q, then {W, ip) is isomorphic to ((F/c)-*-, ip) under some 
7 G SO''' and both characteristic algebras are same. Hence, to determine Q{ip), we 
may identify h and W with k and (Fk)^ for such an element k, respectively. Under 
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the situation fll.Sp . we then consider two cases whether h can be taken in Z or not. 
If U is an anisotropic subspace of V containing h, then is nondegenerate on [/, 
V = U®U^,aiidW = {WnU)® U^, where = {x e V \ (p{x, U) = 0}. Hence 
if there exists h in Z so that Lp[h] = q, we have a Witt decomposition 

r 

W={WnZ)(B 5^(Fe, + Ffi) (1.9) 

i=l 

of with a core subspace WnZ of dimension t — 1. If q ^ Lp[Z], taking h = qei + fi 
in Fei + Ffi, we see that /i — qei G and Z © -F(/i — gei) must be anisotropic of 
dimension t + 1. Then we have a Witt decomposition 

r 

W={Z® Fifi - qei)) © ^(Fe, + F/,). (1.10) 

i=2 

In both cases, it is sufficient to consider a core subspace in f ll.9p or f ll.lOp of W 
because the characteristic algebra of the core space is Q{ip)- We write s for the core 
dimension of W in the next two subsections. 

1.3 Even-dimensional case 

In this case, the dimension of W is n — 1 ^ 2Z. Then we have only to observe the 
core dimension s of W, because Q(^) is a division algebra if and only if s = 3. Put 
K = F{VS). 

If n = 2, then, by the definition of the characteristic algebra, Q(V') = M2{F). 

Suppose n > 2. If t = 0, then K = F and B = Q{ip) = M2(F). Clearly s = 1, 
so that Q{ip) = M2{F). 

If t = 4, then K = F, B is a. division quaternion algebra, and (Z, ip) can be 
identified with (5, (3) (cf. [2, Theorem 7.5]). Since /3[-B^] = F^ , we have s = 3, and 
hence Qi^p) = B. 

If t = 2, then K ^ F and {Z, (p) can be identified with {K, ck) with some 
c G F^; see §1.4 below. If g G ck[K''], then s = 1, so that Q{ip) = M2(F); 
otherwise, Qiip) 7^ M2{F). Moreover, B = Q{ip) is given by {K, c}. In view 
of [F^ : Nk/f{K^)] = 2 by local class field theory, q G ck[K^] if and only if 
B = M2{F) and q G k,[K% or if 5 7^ M2{F) and q ^ ^[ir^]. Combining these 
conditions with above, we have the assertions in the case K ^ F. 

1.4 Odd-dimensional case 

In this case, the dimension of is ri - 1 G 2Z. Put K = F{^/5q). By ([LlD, K ^ F 
if and only if s = 2; Q{ip) = M2{F) if s = and Q{ip) is a division algebra if s = 4. 
Furthermore if s = 2, a core space {Y, ip) of W can be identified with {K, ck) with 
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some c G . Then Q{ip) = A{ck,) = {K, c}. Such an element c can be given as 
follows (cf. [21 §7.2]): Take an orthogonal basis {x, y} of Y with respect to ip. The 
map ax + by i — > b + c~^a^y—'lp[x]'^jJ[y] gives an isomorphism of (F, ijj) onto {K, ck) 
with c = ip[y]y^O. Then A+(F) = K and A(y) = + iT?/ = {/T, c}, which is the 
characteristic algebra Q{ip). 

We first consider the three-dimensional case. 

Lemma 1.2. Suppose n = 3 and F is a number field. For q G F^ , q belongs to 
^p[V] if and only if the following three conditions hold: 

(1) qv > ^ for G r such that Lp^ is positive definite, 

(2) < for v Ev such that Lp^ is negative definite, 

(3) ivi.^'i) 7^ 1 for G h such that v \ Db- 

Proof. This can be seen by employing Hasse principle. In particular, nonarchimedean 
case can be verified from jH Lemma 4.2(1)]. □ 

Suppose n = 3. If t = 1, then B = M2{F) and (Z, ip) = {F, 6). Since q G (p[Z] 
if and only if K = F, we have 



M2{F) iiK = F, 
{K, 6} HK^ F. 



In fact, if 7^ F, then q ^ flZ], so that Fg © F{fi — qci) is a core space of 
W with g E Z such that (f[g] = 6. Thus Qiip) = {K, 6}. From this we see that 
Q{ip) = M2{F) if 5 G k[K^] and Q{il)) is a division algebra if 5 ^ f^[K^], when 
K ^F. 

If t = 3, then i? is a division algebra and (V, ip) = {Z, ip) can be identified 
with (5°, -613°) (cf. [3, §3.2] or §7.3]). Clearly q G </9[Z] and so s = 2. We 
note that q & ip[Z] if and only if K ^ F hj Lemma [1.2( 3). Since W is anisotropic 
of dimension 2 and Qiip) = ^(V^), we need an explicit orthogonal basis of W. To 
obtain this, we embed K into B. Then B can be written by 5 = + Ku = {K, c} 
with a fixed element c G F^ so that c ^ ^[ii'^]. Put k = a/ 6^^q G K^; then 
5° = Fk © (Fcj + Fku). Since V5[fc] = —5/3° [A;] = q, (changing a given h to k, ) we 
have = Fu + Ffccj. This basis satisfies 2/3(a;, fccj) = —cTrx/rik'') = 0, and thus 
{cj, ku} is an orthogonal basis of W. Hence, in view of c ^ fi:[ir^], we find that 

. X r r r . iM2(F) If 5 K [fST^ ] , 

Qw,)={A-.^M}={A-.fc}={^^^ u,L[a-i: '"^> 

Next suppose n > 3. If t = 1, we can determine Q{ip) by the same way as in the 
case n = 3, t = 1. 
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If t = 3, then B is a division algebra. Assume that q G ^[Z]\ then s = 2 and 
K ^ F . Taking B = {K, c} and k G with c ^ ^[i^^] as considered in the case 
n = t = 3, we have a core subspace Fu © Ffco; of W of dimension 2. Then Q{ip) 
can be given by fll.lip . Assume that q y^[Z]] then s = 4 and K = F. Hence we 
have a division algebra Q{ip) = B. 

Summing up all these results, we obtain Theorem 11.11 

2 Discriminant ideal and ideal [M / L H W] 
2.1 Discriminant ideal 

Let (V, if) be a quadratic space over an algebraic number field or a nonarchimedean 
local field F. For a g-lattice L in V , we put 

L = L~= {xeV \ 2^{x, L) C 0}. 

We note that L C L ii Lp[L\ C Q. By a Q-maximal lattice L with respect to 
we understand a g-lattice L in ^ which is maximal among g-lattices on which the 
values ip[x] are contained in g. 

For q E F and a g-ideal b of F, we put 

L[q] = {x e L \ ip[x] = q}, L[q, b] = {x E V \ ip[x] = q, ip{x, L) = b}. 

For g-lattices L and M in V, we denote by [L/M] a g-ideal of F generated over g 
by det(a) of all F-linear automorphisms a of V such that La C M. If F is a global 
field, then [L/M] = Uvehl^v/M^^ with the localization [L/M]^ = [L.JM^] at each 

V. We call [L/L] the discriminant ideal of (V, v^) if L is a g-maximal lattice in V 
with respect to if. This is an invariant of (V, and independent of the choice of L, 
which follows from the basic fact that all g-maximal lattices form a single class with 
respect to S'O'^(V^) when F is a local field. If F is a local field, by Lemma [2.2( 4) 
below, the discriminant ideal of ip coincides with that of a core space of ip. 

In the later argument we will often need the discriminant ideals of local spaces, 
which can be obtained by applying P, Theorem 6.2(ii), (iii)] with suitable localiza- 
tion. We restate that theorem due to Shimura: 

Theorem 2.1. {Shimura Theorem6.2(ii), (iii)]) Let L he a Q-maximal lattice in 
V with respect to (f and c the product of all nonarchimedean primes ramified in 

(1) n E 27a. Let K he the discriminant field of (p and Ci the product of all prime 
factors V of t satisfying v \ Dk/f- Then [L/L] = Dk/f^i- Here we understand 
that Dk/f = if K = F. 
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(2) n 2Z. Put 5q — ab^ with a squarefree integral ideal o and a fractional ideal 
b. Then [L/L] = 2a-h'^ D 2a. 

Lemma 2.2. For Q-lattices L and M in V , except (5), the following assertions hold: 

(1) There exists a G GL{y ) such that Ma = L. Moreover, if a is such an element, 
then [M/L] = det(Q;)0. 

(2) If N IS a Q-latttce m V, then [N/L] = [N/M][M/L\. 

(3) IfLcM and ip[M] C g, then [L/L] = [M/L]'^[M/M] and [L/M] = [M/L]. 

(4) Assume L<zM. Then [M/L] C Q, and L = M if and only if [M/L] = q. 

(5) Assume that V = U (B f/-*-. Let L be a Q-lattice in U and M a Q-lattice in Lf-^ . 
Then [{L + Mf/L + M] = \L/L]\M/M]. 

(6) Assume that ^p[L] C g and M is Q-maximal with respect to ip. Then [M/L] 
is independent of the choice of the maximal lattice M . Moreover, [M/L] C g 
and [L/L] = [M/Lf[M/M] holds. 

(7) Under the assumption in (6), L is Q-maximal if and only if [M/L] — q, or 
equivalently, if [L/L] = [M/M]. 

Proof. In each assertion for the global case can be reduced to the local case by the 
localization. Here we note that L is maximal if and only if L„ is maximal at every 
w G h. Hence we assume that F is a nonarchimedean local field. 

(1) Considering g-bases of L and M, we can take 7^ c G g so that cL C M. 
Then there exists a g-basis {/c,} of M so that cL — QSiki + • • • + g^n^n with the 
elementary divisors £ig, ■ ■ ■ , e„g, where n is the dimension of V. Employing these 
expressions of cL and M, we can find an F-linear automorphism a of \^ such that 
Ma = cL. Then c~^a is the required surjection. In the second assertion, clearly 
det(a)g C [M/L]. Let 7 G GL{V) such that M7 C L. Then M-fa-'^ C M, which 
implies det(7Q;~^) G g. Thus we have det(7) G det(Q;)g, so that [M/L] C det(Q;)g. 
The assertion (2) can be seen from (1). 

(3) If L C M and v?[M] C g, then L C M C M C L. Since L C M, we can 
find a g-basis {ki} of M so that L = geiki + ■ ■ ■ + QSnkn with some {si}. Then 
{V, ip) is isomorphic to (F^, ipo) with the matrix ipo representing ip with respect 
to {ki}. Identifying V with under this isomorphism, we see that M = g^, 
L = g^£, M = g^(2(/3o)^, and L = gl{2ipoe)''^ , whcrc^e^ diag[£i, • • • , £n]^ Since 
[M/L] = det(£)g and [M/M] = det(2(^o)0, we have [L/M] = [M/L] and [L/L] = 
[Ql/9le2poe] = [M/Lf[M/M]. 

(4) With the notation in the above proof of (3), we have [M/L] C g and [M/L] — 
g if and only if det(£) G g^, which proves the assertion. 
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(5) Fixing a g-basis of each L and M, we can put L = g^, M = g^, and 
(f = diag[(y9i, ip2], where ipi (resp. ip2) is the matrix representing the restriction of 
ip to U (resp. f/"*") with respect to that basis. Then we have [(L + Mf/ L + M] = 
det(2diagbi, <^2])0 = [L/L][M/M]. 

(6) Let be a g-maximal lattice in V with respect to ip. Since two maximal 
lattices are isomorphic under SO'^iV), we have N = M7 with 7 G SO'^iV); see 
[21 Lemma 6.9], for example. Then [N/L] = [M/L], which implies that [M/L] is 
independent of the choice of M. Moreover, if (p[L] C g, we can take so that 
L C N, and hence by (3) [L/L] = [N/L]'^[N/N] = [M/L]^[M/M], because the 
discriminant ideal does not depend on A^. 

(7) For a g-maximal lattice containing L, using (4) and (6), we have L = A^ if 
[M/L] = g. Conversely if L is maximal, then [M/L] = [L/L] = g. The equivalence 
between [M/L] = g and [L/L] = [M/M] follows from (6). □ 

2.2 Ideal [M/L D W] in local case 

Let F be a nonarchimedean local field, g its maximal order, and p the prime ideal 
of F. Let (V, (f) be a quadratic space over F with invariants (n, F{\/6), B), and L 
a g-maximal lattice in V with respect to (f. Then there exists a Witt decomposition 
of V as follows (cf.[2l Lemma 6.5]); 

r r 

y = Z©5^(Fe, + F/,), L = N + Y,iQei + Qfd, (2.1) 

i=l i=l 

N = {x e Z \ (p[x] e g}, (p{ei, ej) = (p{fi, f)) = 0, 2ip{ei, fj) = 5ij. 

Here Z is a core space of {V, (p) and A^ is a unique g-maximal lattice in Z with 
respect to (p. Let t be the core dimension of V; then n = t + 2r and < t < 4. 

Hereafter we assume n > 1. For h & V such that ip[h] = g 7^ 0, put W = (Fh)^ 
defined by (11.21) and let ip be the restriction of ip to W. Then the invariants of 
{W, Ip) is {n-1, F(A/(-l)"-i5g), Q{ip)) and Qiip) is given by Theorem O 

Theorem 2.3. Let {V, (p) he a quadratic space over a local field F of dimension 
n{> 1) and L a Q-maximal lattice in V with respect to ip. For a given element h 
of L such that ip[h] 7^ 0, put q = ip[h] and W = (Fh)-^, and let M be a g-maximal 
lattice in W . Then there is a nonnegative integer X{q) such that 

[M/L nW]= p^(9)-"^ (2.2) 

if2ip{h, L)=p-. 

We note that [M/L (1 W] is independent of the choice of M by Lemma [2.2( 6). 
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The proof will be done through this and next sections. We start with the basic 
setting for the determination of [M/ L fl W]. By Lemma [2.2( 6). we have 



[{L n wy/L nw] = [M/L n Wf[M/M]. 



(2.3) 



From (12. 3p our task is to determine either [M/L fl W] or [(L fl Wy/ L fl W], since 
the discriminant ideal [M / M] can be given by Theorem 12.11 

Let h E L with ^ q = ip[h] Eg and take a Witt decomposition for (V, ip) as 
in (12.11) . By virtue of Yoshinaga O Theorem 3.5], L[q] decomposes into L[q, 2~^p"^] 
as follows: 



with < r(g) e Z, where C(L) = {76 SO'^{V) \ L-f = L}. The representative 
km € L[q, 2~^p"^] modulo C{L) is given as follows: 

(1) t = and r > 1. Then = qn-^'ei + 7r"/i e gci + g/i for < m < r(g). 
We also take such a fc^ in the case t = and r = 1; see the proof of Case(l) 



(2) t and r = 0. Then fc^ can be taken any z in L[q] = L[q, 2 -'^p^^'^^]. 

(3) t 7^ and r 7^ 0. Then there are the following three cases (0 < m < T{q)); 

(i) fc„ = gTT^^ei + tt"*/! G gCi + g/i. 

(ii) fcm = 2 + vr~'"g(l — s)ei + vr™/! G + gei + g/i for an arbitrarily fixed 
z G A^[sg] with a suitable s G g^. 

(iii) km = z + TT^ei G + gei for an arbitrarily fixed z G N[q]. 

For the detailed conditions for the choice of km of (i), (ii), and (iii) in (3), and also 
for T(g), we will explain in the proof in Section 3 below. 

If 2ip{h, L) = p™ and (12. 5p holds, then /17 = km with some 7 G C(L), so that 
(LnVr)7 = LnWo, where W^o = {Fkm}^. Hence [M/LnVT] = [M-^/LnWo]. Since 
the latter ideal does not depend on the M7, we have {M^jL n = [Mq/L n VFq] 
for an arbitrary g-maximal lattice Mq in Wq. Thus using the element km, we can 
consider [Mq/L fl Wq] instead of [M/L fl VT] for a given /i. 

Set ?7 = Z © (Fei + Ffi) and W^i = Wq fl f/. Since km belongs to U in any case, 
we see that 




(2.4) 



L[q, 2-ip 



kmC{L), except when t = and r = 1, 



(2.5) 



below. 



r 



r 



Wo = W^®J2iFe^ + Ff^) 



LnWo = iLnWi) + J2i^e^ + g/,). 



i=2 



i=2 
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Then it can be seen by Lemma E^l^S) that [(L n WqY/L n Wq] = [{L n WiY/L n Wi]. 
In view of this fact, we prove our theorem ioi V = U of dimension t + 2 and Wq = Wi 
of dimension t + 1 in the setting ( I2.ip . 



Hereafter, for simphcity we put h = km and W = Wq; also put e = ei, / = /i, 
and q G n^g^ with < z/ G Z. 

Case(l) t = and r > 1. In this case, V = Fe + Ff, L = Qe + g/, and 
h = qTi~"'e + tt'"/ G L with r(g) = [z//2]. Since ^{g, h) = Q ioi g = tt'"/ - gvr-'^e, 
we see that W = Fg and M = gn^^'^^'^^g is a g-maximal lattice in W. For xg eW 
with X G -F, x(7 G L if and only if x G p~™; hence L r\W = Q7r~"^g. Then we have 

As for the case t = and r = 1, L[g, = /iiC(L) U /i2C(L) if m ^ i//2, 

where /ii = gvr-^e + vr™/ and /12 = gvr'^-^e + vr'^-'"/; see [H Theorem 3.2(2)]. So 
that we have to verify our theorem to the case h = h2', but it can easily be seen by 
the similar way. 

Case(2) t ^ and r = 0. In this case, V = Z is anisotropic, L = N, and 
2ip[h, L) = p^^'^^ for h G L[q]. Then W is anisotropic. Let M be a g-maximal lattice 
in W, which is given hj M = {x e W \ (p[x] G g}. Then we have LnW = N nW = 
M, and hence [M/L n W] = q. This gives the required fact. Clearly A(g) of ( 12. 2p is 
r(g) in the present case, which will be stated in f l3.15p after the proof of Theorem 
ESI We also note in the present case that C{L) = SO^ and C{L nW) = SO^ by 
the uniqueness of maximal lattice in the anisotropic space. 

Case(3) t 7^ and r 7^ 0. In this case, we fix the core dimension t and consider 
[M/L n W] for each representative h as in (i), (ii), (iii) of (3). The proof will be 
given in the next section. Before stating the proof, we give some general lemma. 

Lemma 2.4. Let the notation be as in Theorem \2.'J[ In the setting f l2.ip with 
n = t + 2 as above, the following assertions hold: 

(1) Suppose L nW C M. Let {eiQ, ■ ■ ■ , St+iQ} be the elementary divisors deter- 



mined by M and LnW. Then [M/L nW]=ei--- et+iQ. 

(2) Let h = gvr^'^e + vr'"/ G ge + g/ be as m (i) of (3) with < m < [v/2]. If 
q^ip[Z], then [M/L nW] = 

(3) Leth = z + TT'^e e N + ge be as in (iii) of (3). Then 



is a Witt decomposition of W . 

(4) Let the notation be as in (3) above and Nq the g-maximal lattice in Z (1 (Fz)-^ . 
Set M = Nq + ge -\- gfo, which is a g-maximal lattice in W . Take a g-basis 



W = {Zn (Fz)^) © (Fe + F/o), fo = f 




71 



(2.6) 
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{fcl, • 

Put z 



kt] of N so that Nq = Yll=i Q^i^i with the elementary divisors {sio}. 



[ei ■ ■ ■ et-i)~^p^ ■ In particular if t = 1, let N 
Then [M/L nW]=Qn 2qn-"'a^^g. 



'^g. Then [M/L f] W] 
gki and put z = aiki G A^. 



Proof (1) By Lemma E^fl) we have [M/L nW] = det(diag[£:i ■ ■■et+i])g with a 
suitable g-basis of M. 

(2) Taking g = vr™"/ — qn^'^e, we have W = Z ® Fg, which is anisotropic 
because of g ^ '■p[Z]- Then M = N + gn'^'^^'^^g is a g-maximal lattice in W with 
respect to ip. For x = z + xig G W with z E Z and Xi G -F, we see that x & L 
if and only if z G iV and Xi G Hence L r\W = N + g7[~'^g. Then we have 

[M/L n W] 



'u/2]-m 







[u/2]~m 



(3) Put f/ = Z n (Fz)-^ with a fixed 2; G A^[q']. Clearly this is anisotropic 
of dimension t — 1. Since ip{e, h) = ip{f — {2q)~^TT'^z, h) = 0, we have W = 
U ®{Fe + F{f - (2g)-V™2)). Then fo = f- {Aq)~^TT^'^e - (2g)-V"z belongs to 

nW and satisfies ip[fo\ = and ifi{e, fo) = 2-\ Thus nW = Fe + Ffo, 
which gives a Witt decomposition of W. 

(4) We first note that Nq = N n (Fz)-^ because U in the above proof of (3) is 
anisotropic, and also note that at ^ because of z ^ U. For x = ^21=1 ^i^iki + Xte + 
Xf+ifo G W with Xi G F, we see that 



X e L 



Y.t=ii^i^i - (29) ^7r"'xt+iai)ki - (2g) ^n'^Xt+iatkt G N, 
{xt - {Aq)-^n^"''xt+i)e + Xt+if e ge + gf 



[xi, ■ ■ ■ , Xt+i] G 0t+iao, 
where is a triangular matrix of GLf^i (F) given by 



't-i 



m+A 



ai(2g£] 





7r™+^ai_i(2g£i_i 



1-1 



TC 



2m+X 



(4g) 



-1 



TT 



Thus the automorphism a of W, represented by with respect to the basis {Siki, e, fo}, 
gives a surjection of M onto L fl W. Therefore by Lemma 12.2( 1) we find that 
[M/L nW] = det(ao)0 = (^i ■ ■ ■ £i-i)^^P^- Similarly for t = 1, we can find an 

1 



automorphism of W, represented by 
{e, fo}, and it gives the desired ideal 



2m+A 



(4g)- 

M/Lnw]. 



TC 



with respect to the basis 

□ 
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In the next section we denote by F{\/6) the discriminant field of (p; we may 
assume that 6 & U hq^ by a suitable base change of V. Also we will consider the 
discriminant field K oi (p oi ip according to the core dimension t. Hereafter, we put 
Dk/f = P'' if -R' is a ramified extension of F, and put c? = 1 if i^' is an unramified 
quadratic extension of F. Put also 2g = p"", which may not be confused with n as 
the norm form of K. 

Let us add some facts on quadratic fields of F, which will be often used in our 
argument: Assume 2 G p and let 6 G g^. Then by applying [U Lemma 3.5(2), (3)], 

6G(l + 7r2''0^)0^2 ife(&) = -l, (2.7) 
5e (l + 7r2'^+i0X)sx2 and 

6^(1 + p^)0x2 for every e>2k + l if Ob) = 0, 

with some < < k. Moreover, by [U Lemma 3.5(5)], Dp^^yp = p^C'*^'^) if 

m = 0. 

When K/F is a ramified extension and 2 G p, we also employ the facts from 
local class field theory that 

[F^ ■.Nj,/p{K-)] = [q- :NK/Fix-)] = 2, 

0x = (l + p^-i)iV^/^(vX), (2.9) 

where r is the maximal order in K. 



3 Proof of Theorem 2.3 



3.1 Case t = 1 

Put K = F{^/6q) and ^ = C,{Sq). We first observe that q G <p[Z] if and only if 
K = F. By [5, Theorem 3.5(ii)], we can take h and r(g) in Case(3) under the 
following conditions; 

z + 7r-"^g(l - s)e + tt™/ if g ^\Z\ 2 G p, and ordp((5g) G 2Z, 
g7r^™e + vr'"/ otherwise, 

r/€+ (z/ + ordp(5))/2 ifgG(/?[Z], 
^(?) = < /€+ [(z/ + 1 -rf)/2] if g ^ 2 G p, and ordp((5g) G 2Z, 

|^[z//2] otherwise. 

Suppose that q G v^[2']. Then K = F and /i = ^ + vr^e G + with 
0<m<K+(z/ + ordp((5))/2 and a fixed element z of A^[g]. By Lemma 12.4( 3) 
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W = Fe + Ffo is a Witt decomposition, and so M = ge + g/o is g-maximal in W. 
Since L = qtt^^'^/'^^z + ge + g/, applying Lemma 12.4( 4) to ki = n'^'^^'^^z, we have 
[M/L nW] = 2g7r~™"[''/^lg = p('^+ordp(5))/2+K-m_ 

Suppose that q ^ <^[Z]. Then K ^ F and W is anisotropic of dimension 2. If 
2 p or ordp(5g) ^ 2Z, then /i = g7r~'"e + 7r'"/ G ge + g/ with < m < [z//2]. Since 
q^ip[Z],we have [M/L n W^] = pl'^/^l-™ by Lemma [22](2). 

If 2 G p and ordp((5g) G 2Z, let ^ G Z such that ip[g] = 5. Since Sq7i-°"^^''^'^'> G g^ 
and K ^ F, hj applying (12.71) or (12.81) according as K/F is unramified or not, we 
may put Sgn-'^'MSg) ^ ^-^j^ ^ ^ ^^^2K+i-dgX ^^^^ 6 g g''. Then K = F{^) and 

z = S^^bsn^^'^^^^^'^^g G gt? satisfies ip[z] = sq. For such s G g^ and z G iV[sg], we can 
take h = 2 + 7r-™g(l - s)e + 7r™/ G + ge + g/ with < m < /t + [(z/ + 1 - rf)/2]. 
Since Z = Fz and (^[2;] = sg G vr'^g^, we have L = gn^^^^'^h + ge + g/. Put 
gi = 7r"^™'g(s — l)e + / and 5'2 = e — (2sg)~V"'2;, then ly = Fgi + Fg2. For 
X = Xigi + a:;25'2 G with Xj G F, we see that x G L if and only if Xi G g and 
X2 G p[(^+i)/2]+«-™^ and hence L n 1^ = g^i + gvr^'^+i^/^l+'^-'n^^. Observing the 
matrix representing if with respect to this basis, we find that [{L n Wy/L D W] = 
p2([{^+i)/2]+^-m)_ ^^iig^ gi^^g g(^^) ^ M2(F), the invariants of IV are (2, K, {K, 5}) 

by Theorem 11.11 Thus Theorem 12.11 gives 

^ (g if ^ = -1 and 5 G 

[M/M] = i p2 if ^ = -1 and 5 ^ 

[p" ife = o. 

Combining these with (12. 3p . we have 

if ^ = -1, 5 G g"", and u G 2Z, 
if ^ = —1, 5 G 7rg^, and z/ ^ 2Z, 
if e = 0. 

3.2 Case t = 2 

Put K = F{V6) and ^ = ^(5). Then ^ F and (Z, </?) can be identified with 
{K, ck) with some c G -F^. The isomorphism class of (Z, ip) is determined by 
and cNk/f{K^). Hence we can take such a c in g^ Uvrg^ if K/F is unramified, and 
in g^ if K/ F is ramified. Then N is the maximal order x'm. K and L = r + ge + gf . 
We first observe that q G (/^[Z'] if and only if qK[K^] = ck,[K^]. By Theorem 



,[(i/+l)/2]+K-m 



[M/L n W] 



j[(i/+l)/2]+K-l-m 
J(i/+l)/2]+K-d/2-m 
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3.5(iii)], we can take h and r(g) in Case(3) under the following conditions; 



z + Ti'^e ifge<^[Z], 
h = I 7r-'^g(l - s)e + vr'"/ if g ^ ip[Z], 2 G p, and ^ 
gvr "^e + vr™/ otherwise, 

'\{u + d)/2] ifgGv^[Z], 
[(z/ + rf-l)/2] ifg^^[Z]. 



r{q) 



Suppose that q e ^[Z]. Then h = z + 7r™e G + ge with < m < [(z/ + d)/2] 
and a fixed element z of A^[(3']. To take an explicit basis of {Fz)-^, we are going to 
solve the equation ck[z\ = q with c suitably changed. For such an element z we set 
Nq = (Fz)-^ n A^, which is a g- maximal lattice in the anisotropic space (Fz)-^ fl Z 
of dimension 1. 

Assume 6 G vrg^. Then K/F is ramified, r = g[v^], and d = 2k + 1. Since 
k[a/5] = — 5 is a prime element of F, put g = (—5)'^ go with go ^ 0^- Because 
ck[K^] = qoK[K^], we may take go as such a c, namely, we can identify {Z, ip) with 
(i^', go/?). Then N = x and 2; = \f5 satisfies ip[z\ = q^nlz] = g, which is the required 
element. Thus {Fz)-^ r\K is F\f5 or F according as G 2Z or not. If z/ G 2Z, then 
Nq = Q\f5 is a g-maximal lattice in Fa/5. Now, r = q\/5 + q ^ Nq = Q\f5 and 
z = 5"/^. Hence by Lemma|231^4) we have [M/LnW] = Qr]2qn~'^5-''/^Q = p^/2+«-™. 
If z/ ^ 2Z, then A^o = 0- Since r = g + g\/6 D Nq = g and z = ^(''"^^/^v^, by Lemma 
1231^4), we have [M/L nW] = gn 2g7r-™5-(^-i)/2g ^ p(^+i)/2+K-m^ 

Assume that S E g^ and 2 ^ p. Then ii"/F is unramified and r = g[v^]. Since 
qK,[K^] = CK,[K^], it can be seen that z/ G 2Z if and only if c G Thus, if 

g = vr'^go with go G g^, we may take c = go or c = vrgo according as z/ G 2Z or 
z/ ^ 2Z. In this situation, z = vrl''/^] satisfies ip[z] = g, so that (Fz)-'- n K = F^/5 
and Nq = g\/6 is g-maximal in F^/6. From this we see that [M/L CiW] = g fl 
2g7r~'"7r~[''/2]g = pK'^+i)/^]-™. 



Assume that 5 G g^, 2 G p, and K/F is unramified. Applying (12. 7p to 6, we 
have 5 G (1 + 7r^'^g^)g^^. Put 5 = (1 + n^'^a)b^'^ with a, 6 G g^, and also put 
u = 2^^(1 + b\/6) G r^. Then we see that r = g[u]. By the same reason as in the 
case 6 E g^ and 2 ^ p, we may take c = go or c = vrgo according as z/ G 2Z or 
u ^ 2Z. Then z = vrt'^/^] ^ jy^^]^ ^j^^^^ (^p^^± p fsf = and iVo = 0v^, as 

observed. This A^'q and A^ = r can be written by 



No = g 



1 



1 -2 




1 




1 -2 




1 














1 




u 




1 




u 



Using this basis, we have z = —bn^'^/^^^/d + 2n^'^^'^^u, and hence [M/L fl W^] 



n gvr" 



[Z./2] 



,[(i.+l)/2]-m 
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Assume that (5 G 0^, 2 G p, and K/F is ramified. Applying (12. 8 p to 5, we 
have 5 G 

5 = (1 + 7r^^+-'^a)6"^ with a, 6 G 0^, and put also m = tt 
is a prime element of K because k[u\ = —ira is so of F. 
q = {—naYqo with E . Since ck[K^] = qK,[K^] and — 7ra G Kf-ft'^], we may take 
c = go- If e 2Z, then z = {-naY^^ belongs to A^[g], so that (Fz)^ n K = F\f5 



;i + 7r2^+ig^)g^2 ^nd D^/f = p^^''-'^) with some Q < k < k. Put 

^=(1 + G r. This 

Hence r = q[u]. Let 



and Nq = gy/6 is g-maximal in F\/6. With a matrix 



-TT 



of GL2(s), 



..(i/+(i)/2-m 



we have r = g\/6 + gw and z = —b{—'Ka)'^^'^\/6 + 'K^{—'KaY^'^u. Thus Lemma 
|22];4) gives [M/L n W] = 2qn-"'-''-''/^g 
(-7ra)(^-i)/2M G A^[g], so that (Fz)^ f] K 



If z/ ^ 2Z, then z 
F{h5 + 75) and Nq = Q-n-^{h5 



75). With a matrix 



of 6*172 (g), we have r = gvr ^^(65 + v^) + g and 



(-7ra)('^-i)/267r-'=(65 + 75) + (_a)('^+i)/27r('^+i)/2+'=. Thus Lemma [231:4) gives 



[M/L n W] 
q G v?[^]. 



2g7r 



-m-k-{u+l)/2 







,(j/+d-l)/2-m 



This finishes the proof of the case 



Next suppose that q ^ (^[Z]. Then W is anisotropic of dimension 3. If 2 ^ p or 
= —1, then h = q'K~'^e + vr"/ G ge + g/ with < m < [z^/2]. Since q ^ ^[Z], we 



have [M/L nW]=p 



'v/2]-m 



by Lemma |22i;2). 



Assume that 2 G p and ^ = 0. Let ttq be a prime element of F so that ttq G ^[i^^], 
and put q = ir^qo with qo E ■ Because q G go^^l-^^] and the isomorphism class of 
{Z, (f) is determined by K and CK[-ft'^], we may take c = sgo for a fixed s G 1 + p''"^ 
so that s ^ The equality (12. 9p guarantees the existence of such an element s. 

Then we can identify {Z, ip) with {K, sqoK.) and = r. Let k[u] = ttq with u G r, 
and put 



u/2 



if z/ G 2Z, 



vr, 



('^-'^/'m ifz/^2Z. 



(3.1) 



Then we have r = g[u] and (/^[z] = sq. In this situation [SI Theorem 3.5] allows us 
to take h = z + 7r-'"g(l - s)e + vr"^/ G A^ + ge + g/ with < m < [(z/ + d - l)/2]. 
It can be seen that 



W = U 



TV 



2m 



IT 



i^(e-— ^)), U={Fz)^nK. (3.2) 



Put (72 = 2'"(sg — q)e + / and (73 = e — (2sg) ^vr^^;. Since is anisotropic, we 
need to construct a g-maximal lattice M in W, which will be done by employing the 
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discriminant ideal. Once such an M is obtained, we consider the analogy of Lemma 
12.4( 4). By Theorem 12.11 the discriminant ideal of W is given as follows: 



[M/M] 



p^+^ if 5 e vrg^ and u e 2Z, or if 5 G 0^ and v ^ 2Z, 
p''^^ otherwise. 



If 5 G vrg^ , we have \/5 and —5 as u and ttq in f l3.ip . Then U = Fgi with gi 
or (7i = 1 according as z/ G 2Z or not. We set 

M = gg, + gn-''^g2 + gn-'^^'gs, 



(3.3) 
= y/5 
(3.4) 



where fi2 = [oTdp{{p[g2])/2] and /is = [ordp(v9[(73])/2]. This is a g-lattice in such 
that (p[M] C 0. Observing the matrix representing with respect to the g-basis, 
we see that [M/M] = p'^+i if z/ G 2Z, and [M/M] = if u ^ 2Z. Thus by (1331) 
and Lemma 12.2( 6) M is g-maximal in VT. Since ggi C r, we can find a g-basis 
{/ci, ^2} of r such that ggi = geiki with nonzero integer ei. Put 2; = aiki + 02^2 
with Oj G g; notice that 02 7^ 0. While we have ge + g/ = g(72 + 0e. Then for 



X 



XiEiki 

X e L 



X27C ^^g2 



3^3^ ^ with Xj G -F, we see that 



XiEi — {2sqTX^^) T:"^x^ai)ki — {/Isq-K^'^) Ti"^X2,a2k2 G r, 



X2'n ^2^2 



a^sTT ^''ee gg2 + ge 



[xi, X2, X3] G glao, 
where is a matrix of GL^lF) given by 



TT 





7r^2 



^ai(2sg7r^3ei) 



A 



2sqTX 



7r"'a2 



-g n TT'^^g. 



(3.5) 



Thus the automorphism a of W , represented by with respect to the basis {^i/ci, vr ^^^'2, vr '^^(73}, 
gives a surjection of M onto L fl 14^. Therefore by Lemma [2.2( 1) we find that 



TT 



[M/L n VT] = det(ao)s = P • 

£1 



(3.6) 



Hence our task is to find £1, 02, and p^. If z/ G 2Z, then we have 
r = gv^ + g, g^i = gv^, z = {-5Y''^. 

Thus dMD shows that [M/L f\W] = 7rA'2(p^/2+'^+M3-m p ^/.s) = p^/2+«-m_ jf ^ 2Z, 
then we have 



+ 



75, 



0^1 = 0, 
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([MD gives [M/L nW]= ^x^'2^pi'^+l)/2+K+^.^~m p p^a) = ^{u-l)/2+K-m _ 

If 5 G 0^, we have 7r~^(l + h\/5) and —na as -u and ttq in f l3.ip . Here a, 6 G 0^ 
and < /c < /€ are as in the case that q G v^[^], 5 G g^, 2 G p, and i^/F is ramified. 
Then {Fz)'^ fl = with gi = \/6 or (71 = n^'^ibd + v^) according as G 2Z or 
not. We set 

/ 1 2sanaf^''+^^/^] \ 
M = 0<?i + QT^-^^g, + 0^, ^ = (^-^^1 + ;^,^,„^^3 ^73j , (3.7) 

where /ij = [ordp(<y9[(y'j])/2], A;' = /c if z/ G 2Z, and k' = k + 1 ii v ^ 2Z. This is 
a 0-lattice in such that v^[M] C g. Observing the matrix representing ip with 
respect to the 0-basis, we see that \M/M] = if i/ G 2Z, and [M/M] = p"^+i if 
u ^ 2Z. Thus M is g-maximal in W by (13.31) . Since 0(^1 C r, we can find a 0-basis 
{/ci, ^2} of V such that ggi = QSiki with nonzero integer ei. Put z = 01^1 + 02^2 with 
Cj G 0. By the same manner as in the case 6 G irg^ above, we obtain a surjection a 
of M onto L n W, which is represented with respect to the basis {eiki, n~^^g2, g} 
by 

e^^ 
7r^2 

with some c & F. Thus we have 

[M/L n W^] = det(a)0 = p\ (3.9) 

If 1/ G 2Z, then we have 

r = 0v^ + 0n, 05-1=075, z = -{-TTay/^bVd + {-7Tay/'^+''u. 

We note that c = + (-1)''/^) G 0. Thus (jSlD shows that [M/L nW] = 

= p[(i.+a!-i)/2]-m^ jf ^ ^ 2Z, then we have 

t = 0^1 + 0, z = i-naY''-''^/%, + (-a)('^+i)/2^('^+i)/2+^ 

We note that c = -7r-^-i(l + (-l)('^-i)/2) g 0. Hence (EH) gives [M/L n VT] = 
vr'^^g = p[(i^+d-i)/2]-m^ rjj_^jg complctcs the proof of the case q ^ (p[Z]. 

3.3 Case t = 3 

Put B = Q{(p). Then 5 is a division algebra and {Z, (p) can be identified with 
{B°, —5/3°). As noted in §1.1, B can be given by {J, c} with a quadratic extension 








2q7T 



7r"'a2 



(3.8) 
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J of F and an element c of so that c ^ Nj/f{J^). Put = F{y/6q), ^ = ^{5q), 
and 6 = G 0^, and let r be the maximal order in K. We first observe that 

q G f[Z] if and only if 7^ F. By [5^, Theorem 3.5(iv)], we can take h and r(g) in 
Case(3) under the following conditions; 

fz + TT^e ifgGv7[^], 
h = }z + 7r-'"g(l - s)e + vr"^/ if g ^ ip[Z] and 2 G p, 
[gvr-^e + vr™/ if g ^ (/^[Z] and 2 ^ p, 

I (ordp(rig) + l)/2 if g G ip[Z] and ordp(5g) ^ 2Z, 

^ ~ I K + 1 + (ordp(rig) - d)/2 if g G ^[Z], ordp(5g) G 2Z, and ^ = 0, 
^ K + ordp((5g)/2 otherwise. 

Suppose that g G v^[2']. Then /i = 2; + vr^e G + ge with < m < r(g) and a 
fixed element 2; of A^[g]. To take a basis of (Fz)-^, we solve the equation —5/3° [2;] = g 
by embedding K into 5. In fact, choosing c G F^ so that c ^ we have 

B = {K, c} as noted above. We may assume that c = 7rif,^ = — 1 and c G if 
,^ = 0. Then z = a/ 5~^g belongs to Kr\B° and satisfies ip[z] = q. Hence we see that 

B° = F^ ®Ku, W = Ku® {Fe + Ffo) 

with /o in (12. 6 p of Lemma 12.4( 3) and w G -B as in (11. 6p so that = c. We note 
that Ku is anisotropic of dimension 2 and isomorphic to {K, 6ck) by xu 1 — > x. Set 
A^o = Ku n N which is a g- maximal lattice in Ku. We are going to find g-bases of 
and Nq. In view of the uniqueness of and A"o, it is sufficient to construct a g- 
maximal lattice in B° and in Ku, which will be done by employing the discriminant 
ideals of if and ip. 

Assume that 5 G g^ and u ^ 2Z. Also assume 2 G p. Then K = F{\/ fcvr) is 
ramified and d = 2k, + 1; put u = V fevr. The discriminant ideal of (f (resp. ip) is 
pK+2 (-j^ggp^ p2K+i-) Theorem [2A1 To obtain A^ in B°, we take 

c G 1 + p'^"^ such that c ^ ^[r''], (3.10) 

and identify B with {i^, c}. The equality (12. 9p guarantees the existence of such 
an element c. Then g = n^'^{u + uu) belongs to B° and satisfies ip[g\ G Trg^. Set 
A^ = gw + go; + Qg. This is a g-lattice in _B° such that v^[A^] C g. Observing the 
matrix representing with respect to the g-basis, we see that [N /N] = p'^"'"^. Thus 
A^ is g-maximal in B° by Lemma 12.2( 6). To obtain A'q in Ku, we consider the 
maximal order r = g[M] in K. Because of 5c G g^, this is g-maximal with respect 
to 6cK,] hence A^o = gi^ + Quu is so in Ku with respect to —6/3°. (In fact, we have 
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[No/No] = p^'*+^.) To apply Lemma 12^ 4) . we take a fl-basis {ki} of determined 
by 







1 







-1 


u 


k2 







1 







(JJ 












1 




_9 _ 



Then A^o = dki + Qk2 and z = 6-^J''-'^^/'^{ki + vr^fca). Hence we have [M/L n 
W] = gf] 7r-(''-i)/2-«-m2gg = p{u+i)/2-m^ If 2 ^ p, then N = gu + gu + guu and 
No = gu + guu are g-maximal with u = y/deir, and so [M/L (!]¥]= p('^+i)/2-m_ 

Assume that 6 G irg^ and u G 2Z. Also assume 2 G p. Then K = F{y/6i6iT) is 
ramified and d = 2k, + 1, where 6i = 7t'^6 G 0^; put u = y/Sien. The discriminant 
ideal of ip (resp. ip) is p*^"*"^ (resp. p^'^+i) by Theorem 12.11 To obtain N in B°, we 
take c as in fl3.10p and identify B with {i^, c}. Set (7 = 7r^'*(u~^ + u~^u) and 

= gu~^ + gu + gg. This is a 0-lattice in 5° such that (p[N] C g. Observing the 
matrix representing ip with respect to the g-basis, we have [N/N] = p""*"^, so that 
is 0-maximal in B°. We further set A^o = gu + gu'^^u. Since [Nq/Nq] = p^'^+^, this is 
g-maximal in Ku. By the similar way as in the case 5 G and u ^ 2Z, we obtain a 
g-basis {fcj} of A^ such that A"o = gki + gk2 and z = en'^^'^^ki + ii'^k^). Hence we have 
[M/L nW]= gf] 7r-'^/2-«-m2^g = If 2 ^ p, then A^ = gu-^ + gu + gu-^u 

and A'o = gw + gu~^u are g-maximal with u = a/^iCTt, and so we have [M/ L (1 W] = 
pi//2-m^ This completes the proof of the case where q G ^[Z] and ordp(5g) ^ 2Z. 

Assume that 5 G g^, z/ G 2Z, and ii'/F is ramified. Then 2 G p and the 
discriminant ideal of (p (resp. ip) is p'^+2 (resp. p*^) by Theorem 12. 1[ Applying (12. 8p 
to G g^, we have Se G (l + 7r^''+^g^)g^^ and Dk/f = p^*^""'') with some < k < k. 
Hence we may put 6e = (l + 7r^^+^a)6^^ with a, 6 G g^. Since u = 7T~^{l + b\/6e) is a 
prime element of K, g[u] is the maximal order r in K. To obtain A^ in 5°, we take c 
as in flXTOj) and identify B with {K, c}. Then we find g = 2~^TT''+^V6e{l + u) in B° 
such that (p[g] G vrg^ . Set A^ = gy/Je + guu + gt? in B°. This satisfies V5[A^] C g and 
[N/N] = p**"^^. Hence A^ is g-maximal in B°. Further since 5c G g^, r is g-maximal 
in K with respect to 6ck, and hence A^o = is so in Ku with respect to —6(3°. To 
apply Lemma [2.4( 4). we find a g-basis {ki} of A^ determined by 



ki' 




"1 




-1 




k2 







1 




uu 


ks_ 







1 
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Then A'o = gki + gk2 and z = 6 ^'K^^'^{ki — b ■^TT'^k2 + 271 ^ ^k^). Hence we obtain 
[M/L nW]=gn vr-'^/2-«+fc+i-™2gg = pW^+k+i-m^ 
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Assume that 6 G ttq^ , v ^ 2Z, and KjF is ramified. Then 2 G p, and the similar 
argument gives g-bases of N and as follows; 



^ = 0V + 0"" ^ + 02 



' TT 



Sl6(l 



UJ 







gu + gu ^u, 



where 6i = n ^6 e g^, 6ie = (1 + 7r^''+^a)6 ^ with a, b e g^ , < k < k, and 
u = 7r^'^(l + b^/6le). The expression for A^o can be verified from [Nq/Nq] = p2«-2fc_ 
Then we find a basis {fcj} of such that A'q = gki + g/c2, determined by 



'ki' 




1 






-1 




k2 







1 









ks 










1 







Since the coefficient of z associated with k^ is 5^ ^2n'^'^ ^^1"^ ^ ^ Lemma [2.4( 4) shows 



[M/L n ly] = p 



{u+l)/2+k~m 



This finishes the proof of the case where q G ^[Z], 



ordp((5g) G 2Z, and ^ = 0. 

Assume that K/F is unramified. Then B = {K, tt} and ordp(5g) G 2Z. Put 
u = "v/fe if 5 G and v = \/6ie if 5 = vr^i G vrg^. Clearly K = F{v). Further if 
2 G p, we may put v'^ = {1 + 7r^''a)6^^ with a, 6 G by applying (12. 7p to v'^ e g^ . 
Then we see that r = g[v] if 2 ^ p and r = g[u] if 2 G p, where u = ■k^'^{1 + bv). 
Since S is a division algebra and K/ F is unramified, the maximal lattice in B° with 
respect to —6(3° can be given by 



N 




if 5 G g^, 
if 6 G vrg''. 



(3.11) 



This can be found in the proof of [H Theorem 6.2]. Since Q{ip) = 5 if 5 G g^ by 
Theorem II. H the discriminant ideal of ip is p^ or g according as 5 G g^ or 5 G vrg^ 
by Theorem 12. II If 5 G g^, then r is g-maximal in K with respect to Sttk, because of 
67T G Tcg^. Hence A^o = is g-maximal in Ku with respect to —6(3°. From this to- 



gether with dXTT]) and z = d-^n^/^v, we see that [M/LnW] = p 



u/2+K—m 



If 5 G ng' 



we have Nq = gco ^ +_gfa; -'^ if 2 ^ p and A'q = go; ^ + guco ^ if 2 G p. This is be- 
cause (p[Nq] C g and [A'o/A'o] = 0- Combining this with (13. lip and z = , 



we obtain [M/LnW] = p 



{u+l)/2+K-m 



This completes the proof of the case q G (p[Z]. 



Next suppose that q ^ <^[Z]. Then W is anisotropic of dimension 4. If 2 ^ p, 
then h = qix^^e + vr™/ G ge + g/ with < m < [z^/2]. Since g ^ we have 

[M/L nW]= p[^/2l-™ by Lemma [23(2). 

Assume that 2 G p. Since q ^ ^[Z], 5q is the square of an element of F^. Fix 
an unit element s so that 

sGl + 7r2''g^ s^g^'. (3.12) 
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[H Lemma 3.2(1)] guarantees the existence of such an element s. Set J = F{y/s) 
and u = iT~'^{l + v^). Then J is an unramified quadratic extension of F and g[u] 
is the maximal order ri in J. We may identify B with {J, vr}. Then by the same 
reason as in (13. lip . 



B° = © Ju, u 



2 



vr. 



Q^/s + XiLo if (5 e 



X 



Now, let 5 = with b E F^ and put z = by/s in B°; then 6 G g and ip[z] = 
—5Njip{by/s) = sq, so that z G A^[sg]. In this situation |5l Theorem 3.5] allows us 
to take h = z + 7r-™g(l - s)e + tt"'/ G iV + ge + g/ with < m < [u/2] + k. It can 
be seen that 

— e(.(£i^e./)..(e-£. 

Put = Tc^'^'^{sq — q)e + / and (?4 = e — {2sq)~^iT"^z. Then ge + g/ = gt^s + ge as 
observed in §3.2. Since the discriminant ideal of W is by Theorem 12.11 we then 
find a g-maximal lattice in W given by 



M 



xiu + g7r-[^/2] + gTT-I-'^/^l if 5 G g^ 



where = z/ + 2k — 2m. Put gi = u and (72 = ^^i^ if ^ G g^ , and put gi = and 
(72 = uu~^ if 5 G vrg^. Then for x = Xigi + X25'2 + x^iTt'^^^'^^g^ + X47r~[~''/^1(74 G W , 
X belongs to L if and only if [xi ■ ■ - x^l G g4diag[l, 1, tt''"/^!, 1]. This shows that 
Lf^W = xigi + gg3 + gTr'^'^^^^gi. Therefore we obtain [M/L nW] = pi'^m+^-^. 
This completes the proof of the case q ^ ip[Z], and hence t = 3. 



3.4 Case t = 4 

Since F(a/5) = F, the discriminant field K oi tjj is F(y^). Put e = W^q G g^ 
and B = Q{ip). Then 5 is a division algebra and {Z, (f) can be identified with 
{B, Because /9[-B^] = F^ , there exists an element z in so that P[z] = q for 
any 7^ g G g. For such a z we can take h = z + vr^e with < m < [(z/ + l)/2] by 
[5l Theorem 3.5(v)]. To take an explicit z G N[q], we solve the equation (3[z] = q 
by embedding K into B if K ^ F and by identifying {B, 13) with {B, — /3) if = F. 



Suppose that K ^ F. Put ^ = i{—q) and f = v^— £ or f = yj—-ne according as 
G 2Z or not. Let c be an element of g^ so that c ^ /t[K^] if ^ = 0, and c = vr if 
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^ = -1. Then B = {K, c}. Take z 
that z G N[q]. Hence we have 



-q in K, which satisfies = k,[z] 



B = K®Ku, W={F®Kuj)® {Fe + F/o) 

with /o in fl2.6p and u as in (11. 6p so that uj"^ = c. We note that F®Ku: is anisotropic 
of dimension 3 and isomorphic to — f by — i — > x. Set A'^o = {F®Kuj)r\N 
which is a g-maximal lattice in F © Ku. We are going to find 0-bases of N and 
A^O) namely, to construct a g-maximal lattice in B and in F © Ku by employing the 
discriminant ideals of if and ip. Theorem 12.11 shows that 



[N/N] 



[iVo/iVo 



liv e 2Z, 

p'^+i liv ^ 2Z. 



Assume that u ^ 27a and if/F is ramified. Then 2 G p. By (12. 8p we can put 
— e = (1 + 7r^^+^a)6~^ and -Di^/F = p^^''"^) with some < < k and a, 6 G 0^; the 
maximal order r of -ft" is given by q[u\^ where u = 7t~''{1 + bv). Further, we may take 
c G 1 + p''"^ such that c ^ ^[r^] by (12.91) . Then there are four elements in B given 
by 



93 



91 = 1, 92 



94 = 



bv)u}, 

7r~'"(l + bv + uj + bvoo). 



(3.13) 



We set = J2t=i d9i- This is a g-lattice in B such that (p[N] C g and [N/N] = p'^. 
Hence is g-maximal. Moreover we have (F © Ku) H N = Yl^i=i &9iy which is the 
required lattice A'o in F © Ku. Some calculation shows z = ~h^^Tx^/'^{gi + t^'^92 — 
TT^g^). Thus Lemma [23K4) gives [M/L nW] = p^l'^-^. 

Assume that v ^ 2Z. Then K/F is ramified and -D^/f = p^'^"*'^ If 2 G p, we 
take c as in the above case and identify B with {fC, c}. It can be verified that 
A^ = g + gf + gvr~'^(l + w) + g7r"''v(l -|- uS) and A^o = + 07i"~''(l + + 0fw are 
0-maximal in B and F © Kio^ respectively. Taking a basis of A^ given by 







1 











— ± 




1 











1 










TT 


-"(1+w) 




^3 










-1 








I' 

















1 










g/cj and 


z = 


vr 


'^/2](_ 




Hence we obtain 



we have Nq = 

p(!^+i)/2-m_ If 2 ^ p, it can easily be seen that A^ = g + gw + qvuj + gv and 
Nq = Q + QU) + Qvu are g-maximal in B and F © ii^w, so that we have [M/ L fl W] = 

^(y+l)/2-m 
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Assume that z/ G 2Z and K/F is unramified. Let r be the maximal order of K. 
Because S is a division algebra and K/F is unramified, the maximal order N in B 
can be given by 

B = K®Kuj, N = x + xuj, u'^ = 7f. (3.14) 

(See pi Theorem 5.13], for example.) Then we have Nq = {F (B Kuj) fl iV = g + xoj. 
If 2 ^ p, then r = q[v\. Since z = n^/^v, we have [M/L r]W]= p''/2-™. If 2 e p, we 
may put —e = l + vr^'^a with a G by fl2.7p . Then r = g[u], where u = tc^'^{1 + v). 
Since z = tt''/^{tt''u - 1), we obtain [M/L nW] = p^/2-™. 

Suppose that K = F, that is, —q G F^^. We may identify {Z, ip) with (5, — /3). 
Further, we can take a division algebra -B = {J, tt} with an unramified quadratic 
extension J = F{y/s) of F. Here s is a fixed unit element; if 2 G p, we choose s as 
in ( I3.12P and put u = tt^'^^I + y^). Let ti be the maximal order in J. Then since 
coincides with the maximal order in B, we have = ti + XiUJ with = vr by the 
same reason as in f l3.14p . Now take z = y/—q G F, which satisfies (p[z] = —/3[z] = q. 
Then {Fz)-^nB = F^®Juj = B° and = Since {Fz)-^nN is the g-maximal 
lattice Aq in (Fz)-^ fl B, we have Aq = Q^/s + Xiu. If 2 G p, taking a basis of A^ 
given by 



'h 




1 











-1 


UJ 









1 










UUJ 


h 










-1 






1 















1 




u 



we have Aq = Y^i=i dki and z = \/—q{—k^ + n'^ki). Hence we obtain [M/L n W] = 
If 2 ^ p, then Xi = gf^/i], and thus Lemma 12314) gives [M/L n W] = 
7T~"^z~^2qQ = p^/2-™-_ This finishes the proof in the case t = A. 

In all cases treated in Case (1), (2), and (3), we can find a nonnegative integer 
A such that [M/L r\W] = p'^"™ if 2(^(/i, L) = p™, which is determined by the iso- 
morphism class of {V, if) and q. This completes the proof of Theorem 12.31 

Let us here state r(g) of [5l Theorem 3.5] with r = 0, which was treated in 
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Case(2) of §2.2: 



r{q) 



(z/ + ordp(5))/2 ift 

[(z/ + rf)/2] lit 

(ordp(rig) + l)/2 ift 

K + l + {oid^{5-^q)-d)/2 lit 

K + ordp(5g)/2 if t 

[[{u + l)l2] lit 



1, 
2, 

3 and ordp((5g) ^ 2Z, 

3, ordp(5g) G 2Z, and = 0, 

3, ordp(5g) G 2Z, and i{5q) = -1, 

4. 

(3.15) 



Clearly this gives A(g) in the case r = 0, that is, the anisotropic case. We note that 
(I3.15P can be derived from the proof of Case (3) by using an explicit solution of 
ip[z] = q and basis of g-maximal lattice in the case q G ^p[Z]. We also note that 
A(g) of Theorem 12.31 when r > is that of (I3.15p provided q G <p[Z]. 

In order to prove the next corollary, we need the discriminant ideals of anisotropic 
spaces and its orthogonal complement determined by a given 7^ g G 0. Those ideals 
can be derived by applying Theorem 12. 1[ In the notation of Theorem 12.31 and the 
proof, suppose that ip is anisotropic and q E (p[V] = ip[Z]. Then [L/L] and [M/M] 
are given as follows: 



[L/L] 



,K+2 



at = 2, 5 e vrg'', and u G 2Z, 

or t = 2, (5 G vrg^ , and u ^ 2Z, 

if t = 2, 5 G s^, ^{5) = 0, and u G 2Z, 

or t = 2, (5 G q"", ^{6) = 0, and u ^ 2Z, 

if t = 2, 5 G s^, ^{5) = -1, and u G 2Z, 

if t = 2, 5 G 0^, ^(5) = -1, and u ^ 2Z, 

if t = 3, 5 G vrg^, and u G 2Z, 

or t = 3, 5 G vrg^, ^{6q) = 0, and u ^ 2Z, 

or t = 3, 6 e Trg"", ^{6q) = -1, and u ^ 2Z, 

if t = 3, 5 G g'', and i/ ^ 2Z, 

or t = 3, (5 G g"", = 0, and u G 2Z, 

or t = 3, 5 G g^ ^ 
if t = 4. 



(3.16) 



-1, and u G 2Z, 
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[M/M] 



if t = 2, 5 G 7r0^, and z/ ^ 2Z, 

or t = 2, 5 G g'', ^((5) = 0, and v G 2Z, 

or t = 2, 5 G g'', ^((5) = -1, and z/ G 2Z, 

if t = 2, 5 G Trg^, and v G 2Z, 

or t = 2, 5 G g'', ^(5) = 0, and v ^ 2Z, 

or t = 2, 5 G g^, ^{5) = -1, and u ^ 2Z, 

if t = 3 and ordp(5g) ^ 2Z, 

if t = 3, ordp(5g) G 2Z, and = 0, 

if t = 3, 5 G 710^, ^{5q) = -1, and u ^ 2Z, 

if t = 3, 5 G g^, ^{5q) = -1, and u G 2Z, 

if t = 4 and z/ ^ 2Z, 

if t = 4 and z/ G 2Z. 



(3.17) 



Corollary 3.1. Let the notation be as in Theorem ] 2. 3\ . Then the ideal p'^^'^^ satisfies 
the following properties: 

(1) A(g) is determined by the isomorphism class of {V, ip) and q. 

(2) A(g) coincides with T{q) given in (I2.4p ; namely, X{q) = Max{0 < m G Z | 
L[q, 2-ip™]^0}. 

(3) L nW is Q-maximal in W if and only if2(f{h, L) = p 



A(g) 



(4) 2q[L/L] = p2^('')[M/M]. In particular, 2q[L / L\[M / M]'^ is a square ideal of 
F contained in g whenever L[q\ 7^ 0. 

We should note that the result (3) was given in ^ Theorem 5.3]. 



Proof. All assertions, except (4), can easily be seen from Theorem 12.31 and by check- 
ing A(g) = r(g) of P, (6.1)]. It is remarked that we always assume 5 G g^ U vrg^. 

To prove (4), suppose that ip is isotropic. Then qei + fi belongs to L[g, 2^^g] 
in a Witt decomposition of (V, ip) as stated in fl2.ip . Hence Theorem 12.31 gives 
[Mq/L n Wq] = p'^^'^\ where Wq is the orthogonal complement of F{qei + /i) and 
Mq is a g-maximal lattice in Wq. It can be seen that L n Wq = N + g(gei — /i) + 
EI=2(0ei + g/i). From this we have [(L fl WoY/L ft Wo] = 2q[L/L]. This combined 
with (12. 3p shows 

2g[Z/L] =p2^(^) [Mo/Mo]. 

Because flqci + fi] = flh], Wo is isomorphic to W under some element of SO'^^V) 
and so [Mq/Mq] = [M/M]. Thus we have the assertion when ip is isotropic. 
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If Lf is anisotropic, then the dimension of V is 2, 3, or 4. As mentioned after the 
proof of Theorem EJl L[q] = L[q, 2-ip^('?)] and the ideal = 2<^{h, L) IS given 
by fl3.15p . While, the ideal 2q[L / L\[M / M]~^ can be determined by employing f l3.16p 
and f l3Tri) . Then we find that p^-^^^) = 2g[Z/L] [M/M]-\ which gives the desired 



4 Global results 

4.1 Ideal [M/LnW] in global case 

Let F be an algebraic number field and q the ring of all algebraic integers in F. For 
a quadratic space (V, ^p) of dimension n{> 1) over F and a nonzero element q of 
fK/jfy], put W = (Fh)^ and let ip be the restriction of toW with an arbitrary 
element h of V such that = q. Let [i^/i^] (resp. [M/M]) be the discriminant 
ideal of (V, ip) (resp. (W, ip)). Then we define a g-ideal b(g) of F by 



This is well defined by Lemma 14.11 below and it is determined by the isomorphism 
class of (V, if) and q. In particular, b(g) does not depend on the choice of h. 

Lemma 4.1. Let the notation he the same as in above with q G F^ fl ^\V]. Then 
2q[L/L][M/M]~'^ is a square ideal of F . 

Proof. For a given q G F^ r\ip\V]^ replacing h by ch with a suitable 7^ c G g, we 
may assume that ^[h] = q E without changing W . Let L be a g- maximal lattice 
in V with respect to ip and decompose {V, ip)^ as given in (12. ip for each f G h. If ip^ 
is anisotropic, then h G Lv[q\ because L^, = {x G K | V^ni^;] G gi;}- Thus Corollary 
13.1( 4) guarantees that 2q[L^ / L^][My / My]~^ is square. If ip^ is isotropic, we have 
+ /i G Hence by Corollary 13.1( 4) 2q[L.J L-^WM^ / M^]''^ is square, since 

the discriminant ideal of (F„(gei + /i))"*" is the same as that of W^- Consequently 
2q[L^ / Lv][M^ / M^]~^ is square for every t> G h, and so 2q[L / L][M / M]~^ is square in 
F, which proves the required fact. □ 

Theorem 4.2. Let (V, ip) he a quadratic space of dimension n{> 1) over F and 
7^ g G F. Let h be an element ofV such that ip[h] = q. For a g-maximal lattice L 
in V with respect to ip, take 7^ c G g such that ch G L. Put W = (Fh)^ and let 
M be a Q-maximal lattice in W with respect to ip. Then 



fact 



□ 



2q[L/L] = b{qf[M/M]. 



(4.1) 



[M/LnW] = b{q){2'p{h, L)y 
cb(g) = b(c2g) = np'"^^'^^ 



(4.2) 
(4.3) 
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with b{q) and b(c^g) defined by (14. ip . Here pi, is the prime ideal of F corresponding 
to V and A^,(c^g) is the integer determined by (12. 2p . Moreover, 

b(g) C 2ip{h, L) C c~^g 

holds. In particular, if h & L, then 

Hq) = n P'"^'^' ^(^) ^ ^) ^ 0- (4.4) 

Proof. We first prove the theorem for h & L. Theorem 12.31 is applicable to this case. 
The localization and Theorem 12.31 prove that 

[M/LnW]= [Hp'/^A {2^{K L)r\ 

Furthermore, Corollary 13.1( 4) shows b(g)^ = p^"*"''^ for every prime f G h. Thus we 
obtain (14. 2 p and (14. 3 p with c = 1. This (14. 2 p combined with Lemma 12.2( 6) gives 
b(g) C 2ip{h, L). Since 2(p{h, L) C Q we have (jOj) for h G 

Let us prove the theorem in the general case with h & V. For a given g-maximal 
lattice L, we can always take 7^ c G so that ch G L. Let c be such an arbitrary 
element of g. Since ch G //[c^g], (14. 2 p is applicable to ch. Then in view of W = 
{Fch)^ we have [M/L nW] = [M/L f] (Fch)^] = b{c^q){2ip{ch, L))-\ The ideal 
b(c^g) is determined by 

2c^q[L/L] = b{c^qy[M/M]. 

While, since q G f[V] fl F^ , b{q) is meaningful and given by (14. ip . From these we 
find that b(c^g) = cb(g). Thus we obtain 

[M/L nW] = cb{q){2^{ch, L))-^ = b{q){2ip{h, L))-\ 

This together with 2(f{ch, L) G g shows the remaining assertion. □ 

From this theorem we have the following 

Corollary 4.3. Let the notation and assumption be the same as in Theorem \4.S\ 
ThenLnW is g-maxzmal m W if and only zf (p[h]{2ip{h, L))'^ = [M / M]{2[L / L]y\ 

4.2 On the class number of O'^CW) 

Let (V, if) be a quadratic space of dimension n over a number field F and L a g- 
lattice in V. Let 0^{V)a and SO^{V)a be the adelization of 0^{V) and SO'^{V) 
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in the usual sense, respectively (cf. [21 §9.6]). For a G 0'^(V^)a we denote by La the 
g-lattice in V whose localization at each f G h is given by L^a^. We put 

D{L) = {ae 0'^(F)a I La = L}, C{L) = SO'^{V)a n D{L), 
r(L) = 0'P{V)nD{L). 

Then the map La-^ i — > a gives a bijection of LO^O^ onto \ 0'i/D{L). We 
call LOl the Q-^-genus of L, LO^ the 0^-class of L, and i^{LOyO^) the c/ass 
number of O*^ relative to or the class number of the genus of L with respect 

to O'^ . The similar terms are defined for SO'^ in the obvious manner. In particular 
when n is odd, the class number of O'^ relative to D{L) equals the class number 
of SO'^ relative to C{L) (cf. [21 Lemma 9.23(i)]). It is known that all g-maximal 
lattices in V with respect to if form a single O'^-genus and that coincides with the 
^C^-genus. 

Let h be an element of V such that ^p[hi\ ^ 0. Put W = (Fh)^ and let be the 
restriction of (p to W. We then identify 0'^{W) with the subgroup {7 G O'^iV) \ 
h-f = h} of 0^{V). Clearly D{L n W) contains 0'^(W^)a n D{L). 

Now we assume that L is g-maximal with respect to (f and n > 2. Then the 
formula [U Theorem 11.6(iii)] due to Shimura shows that 

# {O^ \ Oi/{Oi n D{L))) =J2* {La-% b]/T{La-')) , (4.5) 

a 

where q = if[h], b = f{h, L), and a runs over all representatives for 0'^\0'^/ D{L). 
Therefore, if we can find that #[0^^ \ O'i/DiL n W)] coincides with the number of 
the left hand side of (14. 5p . then the class number of the genus of L n is given 
by the right hand side of (14.51) . This was derived in [21 Proposition 11.13] for odd 
dimensional spaces satisfying some conditions on h. 

Our purpose in this section is to prove the following proposition: 

Proposition 4.4. Let (V, </?) be a quadratic space of dimension n over a number 
field F with 2 < n G 2Z and discriminant field F . Let L be a Q-maximal lattice in 
V with respect to (p and h an element ofV such that ip[h] = g 7^ 0. Put W = (Fh)-^ 
and let ip be the restriction of (p to W . Identify O'^iW) with {7 G O'^'iV) \ h'y = h}. 
Assume that (p[h]{2(p{h, L))-^ = [M /M]{2[L/ L])-^ andi^{v G h | qi2ifi{h, L)^)-^ = 
Pv} < 1; where M is a Q-maximal lattice in W with respect to ip. Then the following 
assertions hold: 

(1) The discriminant field of {W, ip) is F{y/^) and the characteristic algebra 
Q{ip)v coincides with Q{ip)v for every G h. 

(2) L nW is Q-maximal in W with respect to ip. 
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(3) [D{L nW) -.Oin D{L)] = [C{L n W) : SOI n C{L)] = 1 or 2 according as 
Mveh\ q{2^{h, = = or 1. 

(4) 0^eD{L r\W)= 0^e{Oi n D{L)) for every e G 0^. 

Before proceeding the proof, let us insert some notation. For a quadratic space 
(V, (p) of dimension n{> 0) over a number field F, let G{V) and be the 

Clifford group of ip and the even Clifford group of ip, respectively. We define a 
homomorphism r as follows; 

r : G{V) — > O'^iV) via xr(a) = a'^xa for xeV. (4.6) 

This is surjective when n is even and t{G{V)) = SO^'^lV) when n is odd. Moreover 
T gives an isomorphism of G~^{V)/F^ onto 5'0'^(l^) (cf. [2, Theorem 3.6]). For a 
quadratic space (V, (^9)^, over a local field with t> G h, we denote by A(y)v and 
^(V^)^, the Clifford algebra of ip^ and the Clifford group of ip^, respectively. We also 
consider the similar homomorphism of G{V)y as in (14.61) . but we write it by the 
same symbol r. For a g^,-maximal lattice Ly in Vy with respect to (p^, we define a 
subgroup of G~^(y)y by 

J{V), = {ae G^{V)y I r{a) G C(L,), aa* G 0,^}, (4.7) 

where * is the canonical involution of A[V)v. Let A{Ly) be the subring of A{V)v 
generated by and Ly. Also put A+(L^) = A{Ly) fl A+(y)^. Then A(L,,) (resp. 
A+{Ly)) is an order in A{V)y (resp. A+(l^)„) (cf. §8.2]). 

Proof. Since the discriminant field of is F, we have = or 4 for every G h by 
(11. 4p and [-^v/L] = F>q^^-^ by Theorem 12. II The core dimension of at f is 1 or 3 and 
Q{ip)v is M2{Fy) or a division algebra Q{'p)v according as t^, = or 4 by Theorem 
II. H and (11.51) . Thus Q{ip)v = Q{'^)v for every f G h and the same theorem gives the 
invariants of ip, which proves (1). 

The first assumption on h implies that 2(p{h, L) = b{q), and hence by Theorem 
14.21 L n is g- maximal in W. This proves (2). 

Let f G h and suppose = 4. Then there exists an element ^ of a core subspace 
Zy of (y, ip)v as in (12. ip such that ipv[z] = q. Then 2(py{z, N^) = b{q)v, where A^^(= 

n Zy) is the 0„-maximal lattice in Zy. Indeed, cz G Nylc^q] = Ny[c^q, 2~^b{c'^q)y] 
with a suitable element c of F^ as observed after (13.151) . This combined with 
Hc'^q)^ = cb{q)y gives 2ipy{z, Ny) = b{q)y. Since Ly ^ Ly and 2ipy{z, Ly) = b{q)y = 
2(p{h, L)y, [2, Proposition 11.12(iv) and (v)] are apphcable to (V, (p)y, Ly, and h; 
thus [C(L n W)y : SOf n C{L)y] = 1 and there is an element 7 G O^f n D{L)y so 
that det(7) = -1. From these we have [D{L n W)y : Of n D{L)y] = 1. We note 
that (p[h]ip{2h, L)'"^ = Qy or according as oidy^q) G 2Z or not. 
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Suppose = 0. Then [L/ L]^ = q^. By Theorem 12.11 we have [M/M]^ = 2gy or 
2py and hence b{q)l = qg^ or qp~^ according as ordt,(g) G 2Z or not. 

If ord„(g) G 2Z, then (p[h](p{2h, = gb(g)~^ = so that pi Proposition 
11.12(iv) and (v)] are apphcable; hence [C{L n W)^ : SOf D C(L)„] = 1 and Ojf n 
D{L)y has an element 7 such that det(7) = -1, and so [D{LnW)y : O^nD(L)^] = 1. 

If OTdy{q) ^ 2Z, then {p[h]ip{2h, L)~^ = py. This happens for at most one prime 
by our assumption. When such a prime does not exist, we have D{L Ci W) = 

n D{L) and hence the assertions (3) and (4). 

Hereafter until the end of proof, we assume that there exists a prime m G h so 
that ip[h]ip{2h, L)~^ = p^- By the same manner as in the proof of [U Proposition 
11.12(iv)], we can find an element 7 G OJ^" so that det(7) = —1 and L„7 = 
see the case where L = L and t 7^ 1 in that proof. Thus we have [D{L fl W)u '■ 
Ot n D{L)^] = [C{L n W)^ : sot n C(L)„]. Now (L n W)u is g^-maximal in 
Wu- We then consider subgroups J{V)u and J{W)u defined by f l4.7p with L„ and 
(L n W)u, respectively. It is noted by [H Lemma 3.16] that G^{W)u coincides 
with the subgroup {a G G^(y)u \ O-h = ha}. Applying [21 Theorem 8.9(i)] to 
(V, ip)u and Lu, we have r(J(V^)„) = Moreover, noticing ordu(g) ^ 2Z and 

applying [H Theorem 1.8(iii)] to (W, 'ip)u and (L n iy)„, we have [C{L fl iy)„ : 
t{J{W)u)] = 2. To observe J{W)u, we further consider the order A{L)u (resp. 
A(L n W)u) in v4(\/)„ (resp. A(iy)„) defined before the proof. Then A{L)u is a 
maximal order containing J{V)u and L„ by [21 Theorem 8.6(i), (v), and Lemma 
8.4(ii)], and hence J{V)^ = G+{V)u n A{L)^ by [21 Proposition 8.8(i)]. Similarly, 
yl(L n W)u is a maximal order containing J{W)u and (L fl W)u- This can be 
proven by the same way as in the proof of |2j Theorem 8.6(i), (v)] together with 
a unique maximal order in the Clifford algebra of a 1-dimensional core subspace 
of Wu. Thus by [21 Proposition 8.8(i)] we have J{W)u = G+{W)u n A{L f] W)^. 
Therefore J(W)u is contained in G^(W)u H J(y)u. Since the converse inclusion is 
clear, we obtain J(W)u = G~^(W)u H J{V)u. This combined with above facts gives 
[C{L n W)u : sot n C{L)u] = 2. Summing up the indices at all V, we find that 
[D{L nWy.Oin D{L)] = 2, which proves (3). 

To prove (4), we borrow the idea of the proof of [21 Proposition 11.13(ii)]. Put 
G = 0^{V), H = 0^{W), and a = (p[h]{2ip{h, L))-\ Fix an arbitrary element e of 
Ha- We put A = Le~^, which is a g-maximal lattice in [V, ip). Then D{A fl W) = 
eD{LnW)e-^ andHAnD{A) = e{HA^D{L))e-\ Since [D{LnW) : HAnD{L)] = 2 
by (3), we have [D{A fl W) : Ha fl -D(A)] = 2. We are going to show that r(/i) is an 
element of H such that (A fl W)T{h) = AnW and Arih) ^ A. Once that is proven, 
we obtain 

eD{L n W)e-^ = s^Ha n D{L))e-^ U r{h)e{HA n D{L))e-\ 

Thus HeD{L n W)e'^ = He{HA n D{L))£-^ because r(/i) G if, and therefore we 
have the desired assertion. 
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First, r(/i) G G such that hr^h) = h, and hence r(/i) G iJ. Since G -ff^, for 
every G h, we have (p{h, A) = ip{h, L). Taking c G so that 2ap{h, L) = g, 
we see that 2ip{cvh, Ay) = and (p[cyh]gv = ip[cyh]ip{2cyh, A^,)"^ = o„ for every 
f G h. In the proof of (3) we have seen that a^, = g^, p~^, or p^; the last case 
happens only at f = m denoted there. Suppose = g^. Then ip[cvh]gy = g^ and 
2ip{cvh, Ay) = 0„. Hence c^h belongs to A^, and also it is invertible in the order 
A{A)y. Since this order contains A^ by definition, ^(A)^, fl K = A„ by [21 Lemma 
8.4(iii)]. Thus we have A^riji) = h~^A{A)yh fl K = A^. Suppose ^ g^. We need 
a Witt decomposition as in (12. ip : 

r r 

Vy = Zy® ^(F^Ci + FJ,), Ay = Ny + ^(g^e, + gj,), 

i=l i=l 

where is a unique g„-maximal lattice in a core space Z^. If = 4, then = p~^. 
We can find an element z of Z^ such that ip[z] = ip[cyh] G vr^^g^ and 2(y9(z, A^^,) = 
g^, = 2ip{cyh, Ay). This is because the core space is isomorphic to {Q{f)v, Pv) 
and 2ip{z, N^) = Trgi^^^^/p^^zOy) = g^, where o^, is a unique maximal order in the 
division algebra Q{f)v By virtue of ^ Theorem 1.3], there exists a G G^, such 
that Cyh = za and A^a = A^. Moreover by [21 Lemma 3.8(ii)] T{za) = a~^T{z)a. 
Thus noticing t{z) G 0'''{Zy) = D{Ny), we have A^r^h) = Aya~^T{z)a = A„. If 
ty = 0, then a„ = p„ and v = u. Put p = ip[cuh] G pu and k = pei + fi. It can be 
seen that (p[k] = ip[cuh] and ip{k, Ay) = 2~-'^gu = ip{cuh, Ay). Thus by [H Theorem 
1.3] Cyh'j = k and Ay'j = Ay with some 7 G Gy. Moreover r^hj) = ■y~^T{h)j 
by [21 Lemma 3.8(ii)]. Then 7 gives an isomorphism of Wy onto = (Fyk)-^ 
such that (A„ n iy„)7 = AydWy and 7-V(/i)7 = r(A:). We see that A^ fl Wy = 
Ny + g„(pei - fl) + Z1I=2(S«^* + Qnfi)- Then employing [21 Lemma 3.10], we can 
find that 

(A„ n Wy)T{k) = {-X - a{pei - /i) | x G A„ n f/, a G g„} = A„ n W^, 
AyT{k) = {-X + paei + p'^bfi \ x e AyHU, a, 6 G g„} 7^ A„, 

where U = Zy + EI=2(^«ei + Fyfi). Thus we obtain (A„ n W„)r(/i) = AyDWy 
and Ayr{h) 7^ A„. Consequently, T{h) G such that (A fl W)T{h) = AnW and 
AT{h) 7^ A, which is the required fact. This completes the proof. □ 

5 Applications 

5.1 8-dimensional case 

Let {V, if) be a quadratic space over Q with invariants 

(8, Q, M2(Q), 8). (5.1) 
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Clearly the core dimension at f is for every v ^ h. Let g be a squarefree positive 
integer and h an element of V such that ip[h] = q. Put W = (Fh)^ and ip = f\w- 
Then the invarinats of [W, ip) are given by 



Let L (resp. M) be a Z-maximal lattice in (V, ip) (resp. {W, tp)); the discrimi- 
nant ideals are given by [L/L] = Z and [M/M] = 2qZ. Hence b(g) defined by (14. ip 
becomes Z in the present case, and so L[q] = L[q, 2~^Z] by fl4.4p . 

Proposition 5.1. Let {V, ip) and {W, ip) be quadratic spaces given by (15 .ip and 

fl5.2p with above notation, respectively. Let L be a Z-maximal lattice in (V, ip) and 
h G L[q]. Then the following assertions hold: 

(1) {V, ip) = {B, (3)Q){B, (3) = (Qg, Is), where B is the definite quaternion algebra 
over Q ramified at 2 with norm form /3 . 

(2) L[q] = L[q, 2^^Z] ^ for every squarefree positive integer q. 

(3) L nW is Z-maximal in W with respect to ip. 

(4) the class number of the genus of Z-maximal lattices in {W, ip) is given by 
#[L[g]/r(L)] for every prime number q. 

Proof. It is well known that the norm form /3 of -B is represented by the identity 
matrix I4 of size 4 with respect to a suitable basis over Q. This implies that 
(Q45 I4) — which gives the second isomorphism of (1). Then ^(14) = M2{B) 

from [21 §7.4]. Viewing Ig = I4 © I4, we have A(lg) = ^(14) ®q ^(14) = Mi6(Q) 
by [31 Lemma 2.8(i)]. Hence Qi^ls) = ^2(Q) = Q{'^)- Since the other invariants 
of Ig are also the same as those of ip, we have (Qg, Is) = (V, ip) and so the first 
isomorphism of (1). Now, it is known that the genus of Z-maximal lattices in 
(Qg, Ig) consists of a single S'O'^'-class. Since Ig is positive definite and < g G Z, 
by [H Proposition 1.8], we have L^lq] 7^ for any maximal lattice Lq with respect to 
Ig. This together with L[q] = L[q, 2-^Z] shows (2). Because 2ip{h, L) = b{q) = Z, 
we have (3) by (14. 2p . Let g be a prime number. Then Proposition 14.41 is applicable 
to the present space. Thus by means of (14. 5 p we obtain (4). □ 

5.2 6-dimensional case 

Let {V, ip) be a quadratic space over Q with invariants 




(5.2) 




(5.3) 
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Here we denote by -Bp, oo the definite quaternion algebra over Q ramified at a prime 
number p. Put B = i?2,oo) K = Q(-\/— T), and = ^p(— 1). Then D^/q = 4Z, and 
= 1 if and only if p = 1 (mod 4). By (11. 4p the core dimension tp is given by 



tp 



ifep = i, 

2 otherwise. 



Hence if ^p = 1, then (V, ip)p = (V, 99) ®q Qp has a split Witt decomposition. 
If ^p 7^ 1, a core subspace of (V, (p)p can be identified with {Kp, Kp) or (i^p, —Kp) 
according as C,p = —1 or ^p = 0. This is because the characteristic algebra is M2(Qp) 
if p = 3 (mod 4), and it is a division algebra B2 = {K2, —1} over Q2 if p = 2. Here 
Kp is the norm form of Kp = Qp(a/— 1) and note that —1 ^ /t2[-ft'^]. 

Let g be a prime number and h an element of V such that ip[h] = q. Put 
W = (Fh)-^ and ip = ip\w- Then the invarinats of {W, ip) are given by 

(5, Q(V^),5,,oo, 5) ifg = 3 (mod 4), (5.4) 
(5, Q(A/g), i?2,oo, 5) otherwise. (5.5) 

To see this, let us determine Q{iIj) by Theorem 11.11 If ^p = 1, then p = 1 (mod 4) 
and so p is not ramified in B; hence Q{ip)p = ^2(Qp)- If = —1, then p = 3 
(mod 4), which is unramified in B. Since Kp/Qp is unramified, q G Kp[Kp] when 
p ^ q. Then Q{'ip)p = M2(Qp) if p 7^ g, and Q{ip)p is a division algebra if p = g. If 
.^p = 0, then p = 2, which is ramified in B. Since 1 + 4Z2 C /€2[-ft'^], it can be seen 
that g ^ K2[K2] if g = 3 (mod 4), and g G K2[-ft'2 ] if g = 1 (mod 4) or g = 2. Hence 
we have Q{iIj)2 = Af2(Q2) if g = 3 (mod 4), and Q{4')2 = B2 otherwise g. All these 
Q{4')p together with Q{ip)oo = H determine Qd^) as in (15. 4p and (15. 5p . 

Let L (resp. M) be a Z-maximal lattice in V (resp. W) with respect to (f (resp. 
ip)- The discriminant ideals of if and ip are given by 

|L/L1=4Z, [a7/M1 = («'^ f-;;^)- (5.6) 

I 2gZ ir g = 3 (mod 4) or g = 2 

by applying Theorem 12.11 to (15. 3p . (15. 4p . and (15. 5p . We shall compute b(g) of (14. ip 
in the present case. To do this, it is sufficient to see the ideal 2q[L / L][M / M]~^ . 
If g = IJmod 4), then 2q[L/L][M/M]-^ = Z; if g = 3 (mod 4) or g = 2, then 
2g[Z/L][M/M]-i = 4Z by Thus we have 

fz if,.l (mod 4), 

|2Z if g = 3 (mod 4) or g = 2 ^ ^ 

for a prime number g. Moreover, by (14. 4p 

L[g] = L[q, Z] U L[g, 2-'Z] 
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and L[q, Z] = if g = 1 (mod 4). 

If L[q, 7^ and /i G L[q, then [M/L n W] is exactly b(g) given by 

flO) . If /i G L[g, Z], then q ^ 1 (mod 4) and [M/L nW] = 2-^b{q) = Z by flO) . 

As for a more precise explanation of the result, we take (V, ip) = (Qg, le), which 
is one of the spaces with invariants fl5.3p . In fact, since Q{l4) = -82,00, by employing 
la Lemma 2.8(i)], 



This shows Qile) = -82,00 as required. It is known that the genus of all Z-maximal 
lattices in Qg with respect to Ig consists of a single class; see [2, §12.12], for example. 
Hence if we know L[q, 2-^Z] ^ or L[q, Z] ^ for some maximal lattice L, then 
the similar fact holds for every maximal lattice in V. Now, [5l Theorem 7.5] shows 
that for a squarefree positive integer q 



Proposition 5.2. Let (V, ip) be a quadratic space overQ, with invariants (6, Q(V— 1), -82,00; 6). 

Let L be a Z-maximal lattice in V with respect to (p. Then L[q, 2~^Z] 7^ for every 
squarefree positive integer q and L[q, Z] 7^ for every squarefree positive integer q 
such that q is even or q = 3 (mod 4). Moreover, for a prime number q take an 
element h of L[q]; put W = (Fh)^ and ip = iplw- Then the following assertions 
hold: 

(1) The invariants of [W, ip) are given by fl5.4p or f l5.5p . and the discriminant 
ideal of ip is given by (15. 6p . 

(2) If q = 1 (mod 4), then LnW is Z-maximal in W with respect to ip. 

(3) If q = 3 (mod 4) or q = 2, then 



where M is a Z-maximal lattice in W with respect to ip. In particular, LCiW 
is Z-maximal in W with respect to ip if h & L[q, Z]. 

Proposition 5.3. Let the notation be the same as in Proposition \5.S[ Assume 



q = 3 (mod 4) and h G L[q, Z\. Then \D[L V\W) : 0\v\ D{L)\ = [C{L n W) : 





L[q, 2-^Z] ^ for any q, 



if q is even or g = 3 (mod 4). 



Therefore we can conclude 
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S0\ n C{L)] = 2 and 0^eD(L nW) = O^eiO'i n D{L)) for every e G O^. Con- 
sequently, the class number of the genus of maximal lattices in {W, ip) is given by 
4^[L[q, Z]/r(L)] for every prime number q such that q = 3 (mod 4). Here we iden- 
tify 0^{W) with {7 G O'^iV) \h^ = h}. 

Proof. We put H = SO'^{W) and H* = 0'^{W). Our assumptions imply that 
L (IW is Z-maximal in W with respect to ip by Proposition 15. 2[ Also, for every 
prime p 7^ g [21 Proposition 11.12(iv) and (v)] are applicable to (V, (p)p, Lp, and h; 
hence we have [D{L nW) : H'n D{L)]p = [C{L nW) : H n C{L)]p = 1. As for 
p = q = 3 (mod 4), let {Zg, ipq) be a core subspace of Vq and Nq{= Lq fl Zq) the 
maximal lattice in Zq as in f l2.ip . Then this space is isomorphic to (Q(-\/— i^q) 
because the characteristic algebra Q{f)q = {Q(A/^)g, 1} = M2(Qg). Hence, by [21 
Theorem 8.6(vi) and Proposition 8.8(ii)], A^{L)q is a maximal order in A'^{V)q such 
that G+{V)qnA+{L)^ = JiV)q, where J{V)q is defined by (gZD with Lq. Moreover 
T{.J{V)q) = C{L)q by [21 Theorem 8.9(i)]. Similarly for {W, i))q, A+{L n W)q is 
a maximal order in A-^{W)q such that G^{W)q n A+(L n W)q = JiW)q, where 
JiW)q is defined by (14. 7p with the maximal lattice (L fl W)q. This can be seen by 
the same way as in [21 Theorem 8.6(ii), (vi)] together with a unique maximal order 
in the even Clifford algebra Q{ip)q of a 3-dimensional core space of Wq. Moreover 
[C{L n W)q : r{J{W)q)] = 2 by [1 Theorem 1.8(iii)]. Thus we find that J{W)q = 
G+iW)q n J{V)q, whence [C{L n W)q : Hq f] C{L)q] = 2. Now ZqHWq^ 0. Since 
this is anisotropic, Nq n Wq is maximal in Zq n VFg. By [21 Lemma 6.8] there exists 
7o e D^ZqH Wq) such that det(7o) = — 1. Because ipq is nondegenerate on fl Wq, 
so is on {Zq n VFg)-*-. We then define 7 G 0*^(1^)5 by X7 = X70 or x according as 
X & Zq n Wq or X G {Zq fl VFg)-*-. Thcu det(7) = —1 and Lq'j = Lq. Thus, in 
view oi h e {Zq fl Wq)-^, we have 'j E H* n D{L)q such that det(7) = -1. This 
combined with above index gives [D{L fl W)q : H* fl D(L)g] = 2, which proves the 
first assertion. 

To prove the second assertion, let e be an arbitrary element of if^ and put A = 
Le~^, which is a Z-maximal lattice in (V, ip). Then we have (^{h, A) = ip{h, L) = Z. 
Let us show that r(/i) G iT* satisfies (A n W)T{h) = A fl and Ar(/i) 7^ A. For 
any prime p q, we have G Z^ and 2(^(/i, A)p C Zp. Hence h belongs to Ap 
and also it is invertible in the order A{A)p. Since ^(A)p fl = Ap by [21 Lemma 
8.4(iii)], we have ApT{h) = h~^A{Ap)h nVp = Ap. As for the prime g = 3 (mod 4), 
we take a Witt decomposition as in f l2.ip : 

2 2 
Vq = Zq(B J](Q,e, + Qqfi), Aq = Nq + ^^(Z.e, + Z J,), 

1=1 i=l 

where A^^^ is a unique Zg- maximal lattice in a core space Zq. Put k = qci + fi, 
then = ip[h] = q and v9(/c, Aq) = ip{h, Aq). Thus by [4, Theorem 1.3] ha = k 
and Aqtt = A^ with some a G O^. Moreover T{ha) = a~^T{h)a by [21 Lemma 
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3.8(ii)]. Then a gives an isomorphism of Wq onto VF^ = (Qg/c)-*- such that (A^ fl 
Wq)a = KqnW'q and a"V(/i)« = r(A;). Putting U = Zq + (Q,e2 + Qg/2), we have 
Aq n = (Ag n f/) + Zg(gei - /i). It can be seen by % Lemma 3.10] that 

(Ag n W'^)T{k) = {-X - a{qei - fi) \ x e AgHU, a G Z J = A^ n IV^, 
AqT{k) = {-X + qaei + q'^bfi \ x e AqHU, a, b e Zg} A,. 

Thus we obtain (A, fl Wq)T{h) = AqHlVg and AgT{h) ^ Aq. This gives the desired 
fact. Now [D{L r\W) : H'^n D{L)] = 2 as shown above. Observing D{A fl IV) = 
eD{L n W)e-^ and n D{A) = e{H\ n D{L))e-^, we have then D{A nW) = 
{H\nD{A))UT{h){H\r}D{A)). Because of r(/i) e H\ v^e ohiaiYi H*eD{Lr}W) = 
H'e{Hl n D{L)), and hence \ H*JD{L n IV)] = \ H'J{Hl f] D{L))]. 

Therefore we have the last consequence by the class number formula (14. 5p . □ 
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